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Abstract. This paper is an expanded version of the paper �Two Weight In-
equality for the Hilbert Transform: A Real Variable Characterization�by M. L.
Lacey, E. T. Sawyer, C.-Y. Shen and I. Uriarte-Tuero. The arguments here are
intended to be read by nonexperts, so there is more background, longer proofs,
and a slight reorganization of the overall plan. All of the arguments here are
due to the four authors mentioned above, but any errors, omissions and/or
confusion introduced in this expanded version are due to this author alone.
Let � and ! be locally �nite positive Borel measures on R with no common
point masses. We show boundedness of the Hilbert transform H�f � H (f�)
from L2 (�) to L2 (!) is equivalent to the A2 condition
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holding for all intervals I and compact subsets E of I (note that E does not
appear on the right side of the testing conditions). In particular, H� is bounded
if and only if both H� and its dual H! are weak type (2; 2).

Contents

1. Introduction 2
1.1. A brief history of the problem 3
1.2. The parallel corona decomposition 5
1.3. General stopping data 7
2. Bounded �uctuation and functional energy 10
2.1. Bounded �uctuation 10
2.2. Functional energy 11
2.3. Outline of the proof 12
3. Preliminaries of the proof 13
3.1. Monotonicity property 13
3.2. Energy lemma 16
3.3. The good-bad decomposition 22
4. Intertwining proposition and functional energy 23
4.1. Intertwining proposition 24

Date : March 23, 2012 (misprints corrected).
Research supported in part by NSERC.

1



2 E.T. SAWYER

4.2. Controlling functional energy 34
4.3. General stopping data 43
5. Decomposing the functions 45
5.1. Bounded �uctuation 45
5.2. Minimal bounded �uctuation 48
5.3. The energy corona and stopping form 55
5.4. The parallel triple corona decomposition 56
6. Interval size splitting 61
6.1. Reduction to stopping forms 63
6.2. Boundedness of theMBF=L2 stopping form 64
6.3. Boundedness of the RBF=MBF stopping form 66
7. Appendix 67
7.1. Equivalence of indicator/interval testing conditions 67
7.2. In�nite bounded �uctuation decomposition 67
References 70

1. Introduction

In this paper we give a proof with expanded details, and additional background,
of the real variable characterization of the two weight inequality for the Hilbert
transform given in [LaSaShUr2] by M. L. Lacey, E. T. Sawyer, C.-Y. Shen and
I. Uriarte-Tuero. There is also a slight reorganization of the proof as given in
[LaSaShUr2]. All of the arguments are due to Lacey, Sawyer, Shen and Uriarte-
Tuero, but any errors, omissions and/or confusion introduced into this expanded
version are due to this author alone.
Let H� (x) =

R
R
d�(y)
y�x be the Hilbert transform of the measure �. The principal

value associated with this de�nition need not exist in general, so we always under-
stand that there is a �xed standard truncation of the kernel in place here. Given
weights (i.e. locally bounded positive Borel measures) � and ! on the real line
R with no common point masses, we characterize the following two weight norm
inequality for the Hilbert transform,

(1.1)
Z
R
jH (f�)j2 ! � N

Z
R
jf j2 �; f 2 L2 (�) ;

uniform over all standard truncations of the Hilbert transform kernel. A question
raised in [Vol], which we refer to as the NTV conjecture, is whether or not (1.1) is
equivalent to the following necessary conditions (see [NTV4] and [LaSaUr1] for the
necessity of A2 <1),

P (I; �)
jIj!
jIj � A2;

jIj�
jIj P (I; !) � A2;(1.2) Z

I

jH (1I�)j2 ! � T2 jIj� ;
Z
I

jH (1I!)j2 � � (T�)2 jIj! ;

called the A2 condition and the two interval testing conditions. A weaker conjecture
is the indicator/interval NTV conjecture in which the interval testing conditions
are replaced by the indicator/interval testing conditionsZ

I

jH (1E�)j2 ! � T2ind jIj� ;
Z
I

jH (1E!)j2 � � (T�ind)
2 jIj! ;
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for all E compact � I interval. Note that E does not appear on the right side
of the inequalities, and that for a positive operator H, the indicator/interval and
interval testing conditions are the same. It is an elementary exercise to establish
the equivalence of the indicator/interval testing condition with

(1.3)
Z
I

jH (f1I�)j2 ! � T2ind jIj� ;
Z
I

jH (f1I!)j2 � � (T�ind)
2 jIj! ;

for all intervals I and functions f with jf j � 1 (see the appendix).
In this paper we prove the indicator/interval NTV conjecture.

Theorem 1. Let � and ! be locally �nite positive Borel measures on the real line R
with no common point masses. The best constants N, A2, Tind, and T�ind in (1.1),
(1.2) and (1.3) satisfy

N �
p
A2 + Tind + T�ind:

Since the constant on the right side above arises repeatedly throughout the paper,
we set NTVind =

p
A2 + Tind + T�ind. We also set NTV =

p
A2 + T+ T�. Here is

an operator theoretic consequence of the theorem.

Corollary 1.4. Let � and ! be locally �nite positive Borel measures on the real
line R with no common point masses. Denote by W and W� the weak type (2; 2)
norms of H� and H! respectively, i.e.

� jfjH (f�)j > �gj
1
2
! � W kfkL2(�) ; f 2 L2 (�) ;

� jfjH (g!)j > �gj
1
2
� � W� kgkL2(!) ; g 2 L2 (!) :

Then
N �W+W�:

The corollary follows from the theorem since duality and the theory of Lorentz
spaces give Tind � W� and T�ind � W; while

p
A2 . W +W� is evident from the

proof of
p
A2 . N in [LaSaUr].

Finally, current interest in the two weight problem for the Hilbert transform
arises from its natural occurrence in questions related to operator theory [NiTr],
spectral theory, model spaces [NaVo], and analytic function spaces [2], among oth-
ers.

1.1. A brief history of the problem. The two weight norm inequality (1.1)
for the Hilbert transform became recognized as a di¢ cult problem shortly after
the classical one-weight problem was solved in 1973 by R. Hunt, B. Muckenhoupt
and R.L. Wheeden [HuMuWh]. While success in related two weight problems for
positive operators came relatively quickly in the early 1980�s in [Saw1] and [Saw3],
the case of singular integrals remained mysterious for some time. Progress in a
di¤erent direction was achieved by David and Journé in 1984 when they solved
in [DaJo] the norm inequality for general Calderon-Zygmund operators, but with
Lebesgue measure as the weights. It was not until the late 1990�s and early this
millenium that signi�cant inroads were made in the singular two weight problem
by F. Nazarov, S. Treil and A. Volberg using their recently developed techniques
for harmonic analysis on nondoubling spaces, see e.g. [NaVo], [NTV1] and [NTV2].
This e¤ort culminated in the beautiful arguments in the 2004 preprint [NTV4]

and 2003 CBMS book [Vol], in which NTV followed the form of characterizations
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in [Saw1], [Saw3] and [DaJo], by showing that (1.1) was implied by (1.2) if certain
side conditions were imposed, namely the pivotal condition,

1X
n=1

jJnj! P (Jn;1I�)
2 . jIj� ;

�[1

n=1
Jn � I;

and its dual. The proof analyzed the bilinear form hH�f; gi! by expanding f and
g in random Haar bases,

hH�f; gi! =
X
I;J

hH� 4�
I f;4!

Jgi! ;

splitting the forms into upper and lower and diagonal forms according to the relative
lengths of the dyadic intervals I and J , and then using a new corona argument that
involved stopping times de�ned with respect to the pivotal condition.
In [LaSaUr], three of us showed that the pivotal conditions were not necessary

for (1.1), and weakened these side conditions extensively, but were not able to
completely eliminate them. Also in that paper, the concept of the energy

E (J; !) =

(
1

jJ j!

Z
J

�
E
!(dx0)
J

x� x0
jJ j

�2
d! (x)

) 1
2

;

of a weight ! on an interval J was introduced, and the energy versions of the pivotal
conditions were shown to be necessary for 1.1, namely

1X
n=1

jJnj! E (Jn; !)
2 P (Jn;1I�)

2 . (NTV) jIj� ;
�[1

n=1
Jn � I;

and its dual condition. However, superadditivity of the functional J ! jJ j! ap-
pearing in the pivotal condition was a crucial property for the NTV proof strategy,
which involved a clever estimate of o¤-diagonal terms in the Haar expansion of
the bilinear form hH�f; gi!. Unfortunately, this crucial property fails for the cor-
responding functional J ! jJ j! E (J; !)

2 appearing in the energy condition, and
the su¢ ciency proof stalled dued to inadequate control of the energy stopping time
coronas.
Both the pivotal and energy stopping times used in [NTV4] and [LaSaUr] depend

only on the weights ! and �, and not on the functions f and g involved in the form.
In [LaSaShUr] the current authors introduced Calderón-Zygmund stopping times
into the argument, which had been previously used for maximal truncations of
Hilbert transform in [LaSaUr1], and which depend on the averages of the moduli
of the functions involved. But the failure of the weights ! and � to be doubling
presented a formidable obstacle in [LaSaShUr] just as in [LaSaUr1], and moreover,
this approach highlighted the fact that the splitting of the form hH�f; gi! according
to relative lengths of the intervals I and J might not be a bounded operation in
general, hence dooming this splitting from the start (see [LaSaShUr] for more detail
on the question of bounding the split forms, which remains open at the time of this
writing).

1.1.1. Circumventing the obstacles. The di¢ culties mentioned above are circum-
vented in the present paper by introducing a new splitting of the bilinear form,
followed by a careful analysis of the extremal functions that fail both the energy
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and Calderón-Zygmund stopping time methodology. The new splitting is the par-
allel corona splitting that involves de�ning upper and lower and diagonal forms
relative to the tree of Calderón-Zygmund stopping time intervals, rather than the
full tree of dyadic intervals. Recall that the enemy of Calderón-Zygmund stopping
times is degeneracy of the doubling property, while the enemy of energy stopping
times is degeneracy of the energy functional (since nondegenerate doubling implies
nondegenerate energy, it is really the failure of doubling in both weights that is the
common enemy). A series of three reductions are then performed with Calderón-
Zygmund and energy parallel coronas to identify the extremal functions that fail to
yield to the standard analyses, such as certain bounded functions, and functions of
minimal bounded �uctuation with energy control. In the end, the standard NTV
methodology is decisive when used on these extremal functions with very special
structure.

1.2. The parallel corona decomposition. The main construction in our proof
of Theorem 1 is the following parallel corona decomposition, which improves the
decomposition according to interval side length that has been used in all previous
papers, in particular in [NTV4], [LaSaUr] and [LaSaShUr]. Let D� and D! be an
r-good pair of grids, and let fh�I gI2D� and fh!JgJ2D! be the corresponding Haar
bases, so that

f =
X
I2D�

4�
I f =

X
I2D�

hf; h�I i h�I =
X
I2D�

bf (I) h�I ;
g =

X
J2D!

4!
Jg =

X
J2D!

hg; h!J i h!J =
X
J2D!

bg (J) h!J ;
where the appropriate grid is understood in the notation bf (I) and bg (J). It is
convenient to de�neH�f � H (f�) so that the dual operatorH�

� isH!: hH�f; gi! =
hf;H!gi�.
Inequality (1.1) is equivalent to boundedness of the bilinear form

H (f; g) � hH� (f) ; gi! =
X

I2D� and J2D!

hH� (4�
I f) ;4!

Jgi!

on L2 (�)� L2 (!), i.e.
jH (f; g)j � N kfkL2(�) kgkL2(!) :

Virtually all attacks on the two weight inequality (1.1) to date have proceeded
by �rst splitting the bilinear form H into three natural forms determined by the
relative size of the intervals I and J in the inner product:

H = Hlower +Hdiagonal +Hupper;(1.5)

Hlower (f; g) �
X

I2D� and J2D!

jJj<2�rjIj

hH� (4�
I f) ;4!

Jgi! ;

Hdiagonal (f; g) �
X

I2D� and J2D!

2�rjIj�jJj�2rjIj

hH� (4�
I f) ;4!

Jgi! ;

Hupper (f; g) �
X

I2D� and J2D!

jJj>2rjIj

hH� (4�
I f) ;4!

Jgi! ;
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and then continuing to establish boundedness of each of these three forms. Now the
boundedness of the diagonal form Hdiagonal is an automatic consequence of that of
H since it is shown in [NTV4] that

jHdiagonal (f; g)j . (NTV) kfkL2(�) kgkL2(!) . N kfkL2(�) kgkL2(!) :

However, it is not known if the boundedness of Hlower and Hupper follow from
that of H, which places in jeopardy the entire method of attack based on the
splitting (1.5) of the form H. See [LaSaShUr] for a detailed discussion of these
matters.
In order to improve on the splitting in (1.5), we introduce stopping trees F

and G for the functions f 2 L2 (�) and g 2 L2 (!). Let F (respectively G) be a
collection of Calderón-Zygmund stopping intervals for f (respectively g), and let
D� =

[
F2F

CF (respectively D! =
[
G2G

CG) be the associated corona decomposition

of the dyadic grid D� (respectively D!). For I 2 D� let �D�I be the D�-parent of
I in the grid D�, and let �FI be the smallest member of F that contains I. For
F; F 0 2 F , we say that F 0 is an F-child of F if �F (�D�F 0) = F (it could be that
F = �D�F 0), and we denote by CF (F ) the set of F-children of F . For F 2 F ,
de�ne the projection P�CF onto the linear span of the Haar functions fh

�
I gI2CF by

P�CF f =
X
I2CF

4�
I f =

X
I2CF

hf; h�I i� h
�
I :

The standard properties of these projections are

f =
X
F2F

P�CF f;

Z �
P�CF f

�
� = 0; kfk2L2(�) =

X
F2F



P�CF f

2L2(�) :
There are similar de�nitions and formulas for the tree G and grid D!.

Remark 1.6. The stopping intervals F live in the full dyadic grid D�, while the
intervals I 2 CF are restricted to the good subgrid D�good as de�ned in Subsection
3.3 below. It is important to observe that the arguments used in this paper never
appeal to a �good� property for stopping intervals, only for intervals in the Haar
support of f . A similar remark applies to G and the Haar support of g.

We now consider the following parallel corona splitting of the inner product
hH (f�) ; gi! that involves the projections P�CF acting on f and the projections P

!
CG

acting on g. These forms are no longer linear in f and g as the �cut�is determined
by the coronas CF and CG, which depend on f and g. We have

hH�f; gi! =
X

(F;G)2F�G



H�

�
P�CF f

�
;
�
P!CGg

��
!

(1.7)

=

8<: X
(F;G)2Near(F�G)

+
X

(F;G)2Disjoint(F�G)

+
X

(F;G)2Far(F�G)

9=;
�


H�

�
P�CF f

�
;
�
P!CGg

��
!

� Hnear (f; g) + Hdisjoint (f; g) + Hfar (f; g) :

Here Near (F � G) is the set of pairs (F;G) 2 F � G such that G is the minimal
interval in G that contains F , or F is the minimal interval in F that contains G,
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more precisely: either

F � G and there is no G1 2 G n fGg with F � G1 � G;

or
G � F and there is no F1 2 F n fFg with G � F1 � F:

The set Disjoint (F � G) is the set of pairs (F;G) 2 F � G such that F \ G = ;.
The set Far (F � G) is the complement of Near (F � G)[Disjoint (F � G) in F �G:

Far (F � G) = F � G n fNear (F � G) [ Disjoint (F � G)g :
The parallel corona splitting (1.7) is somewhat analogous to the splitting (1.5)
except that the stopping intervals at the top of the corona blocks are used in place
of the individual intervals within the coronas to determine the �cut�. It is this feature
that permits our characterization of the two weight inequality (1.1) in terms of A2
and indicator/interval testing conditions.
Before moving on, it is convenient to introduce a corona decomposition that uses

stopping data more general in scope than the Calderón-Zygmund data.

1.3. General stopping data. Our general de�nition of stopping data will use a
positive constant C0 � 4.

De�nition 1.8. Suppose we are given a positive constant C0 � 4, a subset F
of the dyadic grid D� (called the stopping times), and a corresponding sequence
�F � f�F (F )gF2F of nonnegative numbers �F (F ) � 0 (called the stopping data).
Let (F ;�; �F ) be the tree structure on F inherited from D�, and for each F 2 F
denote by CF = fI 2 D� : �FI = Fg the corona associated with F :

CF = fI 2 D� : I � F and I 6� F 0 for any F 0 � Fg :
We say the triple (C0;F ; �F ) constitutes stopping data for a function f 2 L1loc (�)
if

(1) E�I jf j � �F (F ) for all I 2 CF and F 2 F ,
(2)

P
F 0�F jF 0j� � C0 jF j� for all F 2 F ,

(3)
P

F2F �F (F )
2 jF j� �C20 kfk

2
L2(�),

(4) �F (F ) � �F (F
0) whenever F 0; F 2 F with F 0 � F .

De�nition 1.9. If (C0;F ; �F ) constitutes (general) stopping data for a function
f 2 L1loc (�), we refer to the othogonal decomposition

f =
X
F2F

P�CF f ; P�CF f �
X
I2CF

4�
I f;

as the (general) corona decomposition of f associated with the stopping times F .

Property (1) says that �F (F ) bounds the averages of f in the corona CF , and
property (2) says that the intervals at the tops of the coronas satisfy a Carleson con-
dition relative to the weight �. Note that a standard �maximal interval�argument
extends the Carleson condition in property (2) to the inequalityX

F 02F : F 0�A
jF 0j� � C0 jAj� for all open sets A � R:

Property (3) says the sequence of functions f�F (F )1F gF2F is in the vector-valued
space L2

�
`2;�

�
, and property (4) says that the control on averages is nondecreasing

on the stopping tree F . We emphasize that we are not assuming in this de�nition
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the stronger property that there is C > 1 such that �F (F 0) > C�F (F ) whenever
F 0; F 2 F with F 0 $ F . Instead, the properties (2) and (3) substitute for this
lack. Of course the stronger property does hold for the familiar Calderón-Zygmund
stopping data determined by the following requirements for C > 1,

E�F 0 jf j > CE�F jf j whenever F 0; F 2 F with F 0 $ F;

E�I jf j � CE�F jf j for I 2 CF ;
which are themselves su¢ ciently strong to automatically force properties (2) and
(3) with �F (F ) = E�F jf j.
We have the following useful consequence of (2) and (3) that says the sequence

f�F (F )1F gF2F has a quasiorthogonal property relative to f with a constant C 00
depending only on C0:

(1.10)






X
F2F

�F (F )1F







2

L2(�)

� C 00 kfk
2
L2(�) :

Indeed, the Carleson condition (2) implies a geometric decay in levels of the tree
F , namely that there are positive constants C1 and ", depending on C0, such that
if C(n)F (F ) denotes the set of nth generation children of F in F ,X

F 02C(n)F (F ):

jF 0j� �
�
C12

�"n�2 jF j� ; for all n � 0 and F 2 F :

From this we obtain that
1X
n=0

X
F 02C(n)F (F ):

�F (F
0) jF 0j� �

1X
n=0

vuut X
F 02C(n)F (F )

�F (F 0)
2 jF 0j�C12

�"n
q
jF j�

� C1

q
jF j�C"

vuuut 1X
n=0

2�"n
X

F 02C(n)F (F )

�F (F 0)
2 jF 0j�;

and hence that

X
F2F

�F (F )

8><>:
1X
n=0

X
F 02C(n)F (F )

�F (F
0) jF 0j�

9>=>;
.

X
F2F

�F (F )
q
jF j�

vuuut 1X
n=0

2�"n
X

F 02C(n)F (F )

�F (F 0)
2 jF 0j�

.
 X
F2F

�F (F )
2 jF j�

! 1
2

0B@ 1X
n=0

2�"n
X
F2F

X
F 02C(n)F (F )

�F (F
0)
2 jF 0j�

1CA
1
2

. kfkL2(�)

 X
F 02F

�F (F
0)
2 jF 0j�

! 1
2

. kfk2L2(�) :

This proves (1.10) since


P

F2F �F (F )1F


2
L2(�)

is dominated by twice the left
hand side above.
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Here is a basic reduction involving the NTV constant NTV.

Proposition 1.11. Let

hH� (f) ; gi! = Hnear (f; g) + Hdisjoint (f; g) + Hfar (f; g)
be a parallel corona decomposition as in (1.7) of the bilinear form hH (f�) ; gi! with
stopping data F and G for f and g respectively. Then we have

jhH� (f) ; gi! � Hnear (f; g)j . (NTV) kfkL2(�) kgkL2(!) ;
for all f 2 L2 (�) ; g 2 L2 (!).
We will use Proposition 1.11 in conjunction with a construction that permits

iteration of general corona decompositions.

Lemma 1.12. Suppose that (C0;F ; �F ) constitutes stopping data for a function
f 2 L1loc (�), and that for each F 2 F ,

�
C0;K (F ) ; �K(F )

�
constitutes stopping

data for the corona projection P�CF f . There is a positive constant C1, depending
only on C0, such that if

K� (F ) �
�
K 2 K (F ) \ CF : �K(F ) (K) � �F (F )

	
K �

[
F2F

K� (F ) [ fFg ;

�K (K) � �K(F ) (K) for K 2 K� (F ) n fFg
max

�
�F (F ) ; �K(F ) (F )

	
for K = F

; for F 2 F ;

the triple (C1;K; �K) constitutes stopping data for f . We refer to the collection
of intervals K as the iterated stopping times, and to the orthogonal decomposition
f =

P
K2K PCKKf as the iterated corona decomposition of f , where

CKK � fI 2 D : I � K and I 6� K 0 for K 0 �K Kg :
Note that in our de�nition of (C1;K; �K) we have �discarded�from K (F ) all of

those K 2 K (F ) that are not in the corona CF , and also all of those K 2 K (F )
for which �K(F ) (K) is strictly less than �F (F ). Then the union of over F of
what remains is our new collection of stopping times. We then de�ne stopping
data �K (K) according to whether or not K 2 F : if K =2 F but K 2 CF then
�K (K) equals �K(F ) (K), while if K 2 F , then �K (K) is the larger of �K(F ) (F )
and �F (K).

Proof. The monotonicity property (4) for the triple (C1;K; �K) is obvious from
the construction of K and �K (K). To establish property (1), we must distinguish
between the various coronas CKK , C

K(F )
K and CFK that could be associated withK 2 K,

when K belongs to any of the stopping trees K, K (F ) or F . Suppose now that
I 2 CKK for someK 2 K. Then there is a unique F 2 F such that CKK � C

K(F )
K � CFF ,

and so E�I jf j � �F (F ) by property (1) for the triple (C0;F ; �F ). Then �F (F ) �
�K (K) follows from the de�nition of �K (K), and we have property (1) for the
triple (C1;K; �K). Property (2) holds for the triple (C1;K; �K) since if K 2 CFF ,
then X

K0�KK

jK 0j� =
X

K02K(F ): K0�K

jK 0j� +
X

F 0�FF : F 0�K

X
K02K(F 0)

jK 0j�

� C20 jKj� +
X

F 0�FF : F 0�K
C20 jF 0j� � 2C

2
0 jKj� :
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Finally, property (3) holds for the triple (C1;K; �K) sinceX
K2K

�K (K)
2 jKj� =

X
F2F

X
K2K(F )

�K(F ) (K)
2 jKj�

�
X
F2F

C20


P�CF f

2L2(�) � C20 kfk

2
L2(�) :

�

2. Bounded fluctuation and functional energy

In the proof of Theorem 1 it will be convenient to isolate two intermediate
notions that guide the philosophy of the proof, namely minimal bounded �uctuation
functions, and the functional energy conditions.

2.1. Bounded �uctuation. The notion of bounded �uctuation is an extension of
the notion of bounded function intermediate between L1 and BMOdyadic. There
are various versions of bounded �uctuation functions, and conditions de�ned in
terms of them, that arise in the course of our investigation. We start with a
de�nition of bounded �uctuation that is closely tied to the corona projections in
the CZ corona decomposition.

De�nition 2.1. Given 
 > 0, an interval K 2 D�, and a function f supported on
K, we say that f is a function of bounded �uctuation on K, written f 2 BF (
)� (K),
if there is a pairwise disjoint collection Kf of D�-subintervals of K such thatZ

K

f� = 0;

f = aK0 (a constant) on K 0; K 0 2 Kf ;
jaK0 j > 
; K 0 2 Kf ;

1

jIj�

Z
I

jf j� � 1; I 2 cKf ;
where cKf = fI 2 D� : I � K and I 6� K 0 for any K 0 2 Kfg
is the corona determined by K and Kf .

In the case 
 > 1, we see that f is of bounded �uctuation on K if it is supported
in K with mean zero, and equals a constant aK0 of modulus greater than 
 on
any subinterval K 0 where E�K0 jf j > 1. Thus in the case 
 > 1, the collection of
distinguished intervals is uniquely determined, but in general Kf must be speci�ed.
If we also require in De�nition 2.1 that

aK0 > 
; K 0 2 Kf ;

then we denote the resulting collection of functions by PBF (
)� (K) and refer to
such an f as a function of positive bounded �uctuation on K.
Now we observe that for f 2 BF (
)� (K) with 
 > 1, the Haar support supp bf of

f contains the set �Kf of parents of the intervals in Kf . Indeed, if K 0 2 Kf , then
the expected values of f on K 0 and its sibling �K 0 necessarily di¤er, which implies
that �K 0 is in the Haar support of bf . More precisely, on K 0 we have

4�
�K0f = aK0 � E��K0f;
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and since jE��K0f j � E��K0 jf j � 1, we have j4�
�K0f j jK0� jaK0 j � 1 � 
 � 1 > 0. It

turns out to be a crucial reduction in our proof of Theorem 1 that we can restrict
attention to functions f of bounded �uctuation that have minimal Haar support
supp bf , namely equal to �Kf . More precisely, de�ne bf : D ! C by bf (I) � hf; h�I i�
to be the Haar coe¢ cient map (with underlying measure � being understood), and

�Kf � f�DK 0 : K 0 2 Kfg :
It will however be necessary to relax the requirement that 
 be large, and instead
require K 0 = (�DK

0)small for K
0 2 Kf . Here the two dyadic children of I are

de�ned as Ismall and Ibig where jIsmallj� � jIbigj�.

De�nition 2.2. For 
 > 0, de�ne the collection MBF (
)� (K) of functions of
minimal bounded �uctuation byn

f 2 PBF (
)� (K) : supp bf � �Kf and K 0 = (�DK
0)small for K

0 2 Kf
o
:

Thus the functions f 2 MBF� (K) have their Haar support supp bf as small as
possible given that they satisfy the conditions for belonging to PBF� (K). More-
over, the distinguished intervals K 0 in Kf are the small child of their parent - a
property that is a consequence of aK0 > 
 if 
 � 1, but in general must be in-
cluded in the de�nition. Note that while Kf consists of pairwise disjoint intervals
for f 2 MBF� (K), the collection of parents �Kf may have considerable overlap,
and this represents the main di¢ culty in dealing with functions of minimal bounded
�uctuation. We use the term restricted bounded �uctuation on K to designate a
function f that is either bounded by 1 in modulus on K, or is of minimal bounded
�uctuation on K; i.e.

f 2 RBF (
)� (K) � (L1K )1 (�)
[
MBF (
)� (K) :

The �nal key element in our proof of Theorem 1 is an estimate for a highly
nonlinear form Bstop (f; g) with either f 2MBF� or g 2MBF!, and a bound on
the stopping energy X (f; g), that exploits the interval size splitting of NTV. See
Lemma 6.4.

2.2. Functional energy. In the proof of Theorem 1 it will be convenient to isolate
the following intermediate notion that guides the philosophy of the proof, namely
the functional energy conditions.

De�nition 2.3. A collection F of dyadic intervals is �-Carleson ifX
F2F : F�S

jF j� � CF jSj� ; S 2 F :

The constant CF is referred to as the Carleson norm of F .

De�nition 2.4. Let F be a collection of dyadic intervals. A collection of functions
fgF gF2F in L2 (!) is said to be F-adapted if for each F 2 F there is a collection
J (F ) of intervals in D! such that

J (F ) � fJ 2 D! : J b Fg
(J b F implies J is (�; r)-good with respect to D� = D! as in Subsection 3.3 below)
and if J � (F ) consists of the maximal intervals J in the collection J (F ), then each
of the following three conditions hold:
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(1) for each F 2 F , the Haar coe¢ cients cgF (J) = hgF ; h!J i! of gF are non-
negative and supported in J (F ), i.e.� cgF (J) � 0 for all J 2 J (F )cgF (J) = 0 for all J =2 J (F ) ; F 2 F ;

(2) the collection fgF gF2F is pairwise orthogonal in L2 (!),
(3) there is a positive constant C such that for every interval I in D�, the

collection of intervals

BI � fJ� � I : J� 2 J � (F ) for some F � Ig

has overlap bounded by C, i.e.
P

J�2BI 1J� � C, for all I 2 D�.

Note that condition (2) holds if the collections J (F ) are pairwise disjoint for
F 2 F .

De�nition 2.5. Let F be the smallest constant in the �functional energy�inequality
below, holding for all non-negative h 2 L2(�), all �-Carleson collections F , and all
F-adapted collections fgF gF2F , and where J � (F ) consists of the maximal intervals
J in the collection J (F ):
(2.6)X

F2F

X
J�2J �(F )

P(J�; h�)

����� x

jJ�j ; gF1J
�

�
!

���� � FkhkL2(�)
"X
F2F

kgF k2L2(!)

#1=2
:

We refer to this as the functional energy condition. There is of course a dual
version of this condition as well with constant F�.

2.3. Outline of the proof. The disjoint form Hdisjoint (f; g) in (1.7) is easily
controlled by the strong A2 condition and the interval testing conditions using
Lemma 3.1 in Section 3:

jHdisjoint (f; g)j . (NTV) kfkL2(�) kgkL2(!) :

We show in Section 5 that after further corona decompositions, the near and far
forms satisfy

jHnear (f; g)j . (NTVind +M+M�) kfkL2(�) kgkL2(!) ;
jHfar (f; g)j . (NTV) kfkL2(�) kgkL2(!) ;

whereM andM� are the best constants in a bilinear minimal bounded �uctuation
inequality (5.39) and its dual, and with the bulk of the work in estimating the far
form Hfar taken up in proving the Interwining Proposition in Section 4.
Finally, in Section 6 we use the Intertwining Proposition 4.2 to reduce the bi linear

minimal bounded �uctuation condition (5.39) to a similar inequality (6.5), but for
a nonlinear form Bstop that is esssentially the stopping term introduced by NTV
in [NTV4], i.e.

M+M� . NTV+Bminimal
stop +Bminimal �

stop ;

where Bminimal
stop is the best constant in (6.5). Finally, the full force of the special

structure of minimal bounded �uctuation functions is exploited along with energy
control, to obtain

Bminimal
stop +Bminimal �

stop . NTV;
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and this completes the proof of Theorem 1. Thus the only place where indica-
tor/interval testing is used over interval testing, is in reducing control of the near
form Hnear to the bilinear minimal bounded �uctutation conditions (5.39).

3. Preliminaries of the proof

A crucial reduction of Problem 1.1 is delivered by the following lemma due to
Nazarov, Treil and Volberg (see [NTV4] and [Vol]).

Lemma 3.1. For f 2 L2 (�) and g 2 L2 (!) we haveX
(I;J)2D��D!

2�rjIj�jJj�2rjIj

jhH� (4�
I f) ;4!

Jgi!j . (NTV) kfkL2(�) kgkL2(!)

X
(I;J)2D��D!

I\J=; and jJj
jIj =2[2

�r;2r]

jhH� (4�
I f) ;4!

Jgi!j .
p
A2 kfkL2(�) kgkL2(!) :

Proof. To prove the �rst assertion we split the sum into two pieces,8>>><>>>:
X

2�rjIj�jJj�2rjIj
dist(J;I)�2r+1jIj

+
X

2�rjIj�jJj�2rjIj
dist(J;I)>2r+1jIj

9>>>=>>>; jhH� (4�
I f) ;4!

Jgi!j :

The �rst sum here is handled using the argument for the diagonal short-range terms
in Subsection 9.2 of [LaSaUr], and the second sum here is handled by the argument
for the long-range terms in Subsection 9.4 of [LaSaUr].
Now we turn to the second assertion. By duality it su¢ ces to consider only

jJ j � 2�r jIj in the sum on the left of the second assertion, and we split the
resulting sum into two pieces:8<: X

J�3InI and jJj�2�rjIj

+
X

J\3I=; and jJj�2�rjIj

9=; jhH� (4�
I f) ;4!

Jgi!j :

These sums are estimated using the arguments for the mid-range and long-range
terms in Subsections 9.3 and 9.4 respectively of [LaSaUr]. �

3.1. Monotonicity property. The following Monotonicity Property for the Hilbert
transform will also play an important role in proving our theorem.

Lemma 3.2 (Monotonicity Property). Suppose that � is a signed measure, and �
is a positive measure with � � j�j, both supported outside an interval J . Suppose
also that ' is a function supported in J with

R
'd! = 0 and such that there is c 2 J

such that

' (y) � 0 for y � c;

' (y) � 0 for y � c:

Then

jhH�;'i!j � hH�;'i! :
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Now let J � J� � 2J� � I, and suppose in addition that ' = h!J and that � is
supported outside I. Then we have the pointwise estimate

E � hH�; h!J i! �
1

jJ�jP (J
�; �) hx; h!J i!

= O

 
jJ j
jJ�j2

eP (J�; �) hx; h!J i!
!
;

where

eP (K;�) �
Z
R

jKj2

(jKj+ jy � c (K)j)3
d� (y) ;(3.3)

hx; h!J i! = hx� c (J) ; h!J i! =
Z
J

(x� c (J))h!J (x) d! � 0:

Moreover, there is 
 > 2 such that if in addition 
J� � I, then

(3.4) hH�; h!J i! �
1

jJ�jP (J
�; �) hx; h!J i! :

Remark 3.5. This monotonicity property will be applied when ' = h!J is a Haar
function adapted to J , in which case the point c can be taken to be the center of J .

Proof. Let J� = J \ (�1; c) and J+ = J \ (c;1). We may assume thatZ
J�

j'j d! =
Z
J+

j'j d! = 1:

Then we have

hH�;'i! =

Z
J+

H� (x)' (x) d! (x) +

Z
J�

H� (x)' (x) d! (x)

=

Z
J+

H� (x) j' (x)j d! (x)�
Z
J�

H� (x0) j' (x0)j d! (x0)

=

Z
J+

Z
J�

[H� (x)�H� (x0)] j' (x0)j d! (x0) j' (x)j d! (x)

=

Z
J+

Z
J�

Z
RnJ

x� x0
(y � x) (y � x0)d� (y) j' (x

0)j d! (x0) j' (x)j d! (x) ;

and since x�x0
(y�x)(y�x0) � 0 for y 2 R n J and x 2 J+ and x

0 2 J�, we have

jhH�;'i!j

�
Z
J+

Z
J�

Z
RnJ

x� x0
(y � x) (y � x0)d� (y) j' (x

0)j d! (x0) j' (x)j d! (x)

= hH�;'i! ;

where the last equality follows from the previous display with � in place of �.
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Now suppose that J � J� � 2J� � I, ' = h!J and �; � are supported outside I.
Then for x 2 J+, x0 2 J� and y =2 I, we have

x� x0
(y � x) (y � x0) �

x� x0
jJ�j

jJ�j
jy � c (J�)j2

= (x� x0) (y � c (J
�))

2 � (y � x) (y � x0)
(y � x) (y � x0) (y � c (J�))2

= O

 
jx� x0j jJ�j

jy � c (J�)j3

!
:

Now we recall that

A �
Z
J�

jh!J j d! =
Z
J+

jh!J j d! =

s
jJ�j! jJ+j!

jJ j!
;

so that with ' = 1
Ah

!
J , we obtain

hH�; h!J i! = A hH�;'i!

=
1

A

Z
J+

Z
J�

Z
RnJ

x� x0
(y � x) (y � x0)d� (y) jh

!
J (x

0)j d! (x0) jh!J (x)j d! (x)

=
1

A

Z
J+

Z
J�

Z
RnJ

x� x0
jJ�j

jJ�j
jy � c (J�)j2

d� (y) jh!J (x0)j d! (x0) jh!J (x)j d! (x)

+O

 Z
J+

Z
J�

Z
RnJ

jx� x0j jJ�j
jy � c (J�)j3

d� (y) jh!J (x0)j d! (x0) jh!J (x)j d! (x)
!

=
1

jJ�jP (J
�; �) hx; h!J i! +O

 
jJ j
jJ�j2

eP (J�; �) hx; h!J i!
!
;

since jh!J (x0)j jh!J (x)j = �h!J (x0)h!J (x),

1

A

Z
J+

Z
J�

Z
RnJ

x

jJ�j
jJ�j

jy � c (J�)j2
d� (y)h!J (x

0) d! (x0)h!J (x) d! (x)

= � 1

jJ�jP (J
�; �)

Z
J+

xh!J (x) d! (x) ;

� 1
A

Z
J+

Z
J�

Z
RnJ

x0

jJ�j
jJ�j

jy � c (J�)j2
d� (y) jh!J (x0)j d! (x0) jh!J (x)j d! (x)

=
1

jJ�jP (J
�; �)

Z
J�

x0h!J (x
0) d! (x0) ;

and Z
J+

xh!J (x) d! (x) +

Z
J�

x0h!J (x
0) d! (x0) = hx; h!J i! :

Finally, (3.4) follows easily from the above pointwise estimate for 
 large enough.
�
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3.2. Energy lemma. We formulate a re�nement of the Energy Lemma from [LaSaUr].
First recall that the energy E (J; !) of ! on the interval J is given by

E (J; !)2 � 1

jJ j!

Z
J

�
E
!(dx0)
J

x� x0
jJ j

�2
d! (x) ;

and the corresponding functional � (J; �) by

� (J; �) � ! (J)E (J; !)2 P (J; j�j)2 ;

where � is a signed measure on R. The following Energy Condition was proved in
[LaSaUr]: for all intervals I,

(3.6)
1X
n=1

� (Jn; �) .
�p

A2 + T
�
jIj� ;

�[1

n=1
Jn � I:

Suppose now we are given an interval J 2 D!, and a subset H of the dyadic
subgrid D! (J) of intervals from D! that are contained in J . Let P!H =

P
J02H4!

J0

be the !-Haar projection onto H and de�ne the H-energy EH (J; !) of ! on the
interval J by

EH (J; !)
2 � 1

jJ j!

Z
J

 
E
!(dx0)
J

P
!(dx)
H (x� x0)

jJ j

!2
d! (x)(3.7)

=
1

jJ j!

Z
J

�
P!Hx

jJ j

�2
d! (x)

=
1

jJ j!

X
J02H

����� x

jJ j ; h
!
J0

�
!

����2 = 1

jJ j! jJ j
2

X
J02H

jbx (J 0)j2 :
For � a signed measure on R, and H a subset of the dyadic grid D!, we de�ne the
functional

�H (J; �) � ! (J)EH (J; !)
2 P (J; j�j)2 :

We need yet another property peculiar to the Hilbert transform kernel

K (x; y) =
1

x� y = Kx (y) = Ky (x) :

Lemma 3.8. Suppose J is an interval with center cJ , choose y =2 J , and let
� = jy�cJ j

jJj=2 > 1. Then�����hKy; h
!
J i! +

hx; h!J i!
jy � cJ j2

����� � 1

� � 1
hx; h!J i!
jy � cJ j2

:

Proof. With cJ the center of J , we have using
R
h!J (x) d! (x) = 0 that

hKy; h
!
J i! =

Z
1

x� yh
!
J (x) d! (x) =

Z
1

(x� cJ)� (y � cJ)
h!J (x) d! (x)

= � 1

y � cJ

Z
1

1� x�cJ
y�cJ

h!J (x) d! (x)

= �
1X
n=1

Z
(x� cJ)n

(y � cJ)n+1
h!J (x) d! (x) :
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Since the Haar function takes opposite signs on its two children we have without
loss of generality,

bx (J) = Z (x� cJ)h!J (x) d! (x) =
Z
jx� cJ j jh!J (x)j d! (x) � 0;

and for n � 1 we then have the estimate����Z (x� cJ)n h!J (x) d! (x)
���� � (jJ j =2)n�1 Z jx� cJ j jh!J (x)j d! (x) = (jJ j =2)

n�1 bx (J) :
Consequently,�����hKy; h

!
J i! +

hx; h!J i!
jy � cJ j2

����� � 1

jy � cJ j2
1X
n=2

�
jJ j =2
y � cJ

�n�1 bx (J) = 1

(y � cJ)2
1

� � 1bx (J) :
�

Thus in the Taylor expansion for the inner product hKy; h
!
J i!, the linear term

dominates.

Lemma 3.9 (Energy Lemma). Let J be an interval in D!. Let 	J be an L2 (!)
function supported in J and with !-integral zero. Let � be a signed measure sup-
ported in R n 2J and denote the Haar support of 	J by H = suppc	J . Then we
have

(3.10) jhH (�) ;	Ji!j � C k	JkL2(!) �H (J; �)
1
2 :

The L2 formulation jhH (�) ;	Ji!j � C k	JkL2(!) � (J; �)
1
2 proves useful in

many estimates. However, we will often apply this in its dual formulation. Namely,
we have

(3.11) kH (�)� E!JH (�)kL2(J;!) . � (J; �)
1
2 :

Note that on the left, we are subtracting o¤ the mean value, and only testing the
L2(!) norm on J .

Proof. We calculate using Lemma 3.8 that

jhH(�);	Ji!j =

�����
Z
J

Z
Rn2J

1

x� y 	J(x) d�(y) d!(x)
�����

=

�����
Z
J

Z
Rn2J

1

x� y
X
J02H

h	J ; h!J0i! h
!
J0(x) d�(y) d!(x)

�����
=

����� X
J02H

Z
Rn2J

hKy; h
!
J0i! c	J (J 0) d�(y)

�����
�

X
J02H

Z
Rn2J

1

� � 1 hx; h
!
J0i!

1

jy � cJ0 j2
���c	J (J 0)��� d j�j (y):
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Now use the approximation 1
jy�cJ0 j2

� 1
jy�cJ j2

for J 0 � J and y 2 Rn2J , so that the
sum in J 0 becomes isolated. Then an application of Cauchy-Schwarz in J 0 yields

jhH(�);	Ji!j . 1

� � 1 k	JkL2(!)

 X
J02H

jhx; h!J0i!j
2

! 1
2 Z

Rn2J

1

jy � cJ j2
d j�j (y)

=
1

� � 1 k	JkL2(!)

 X
J02H

jbx (J 0)j2! 1
2
1

jJ jP(J; j�j)

=
1

� � 1 k	JkL2(!) �H (J; �)
1
2 :

This completes the proof. �
Remark 3.12. In the special case 	J = h!J , we have H = fJg and (3.10) then
gives

(3.13) jhH�; h!J i!j . �H (J; �)
1
2 =

�
x

jJ j ; h
!
J

�
!

P (J; j�j) :

We also need the following elementary Poisson estimate from [Vol] (see also
[LaSaUr],�1 which is corrected here).

Lemma 3.14. Suppose that J � I � bI and that dist (J; @I) > 1
2 jJ j

"jIj1�". Then
(3.15) jJ j4"�2P(J; �1bInI)2 . jIj4"�2P(I; �1bInI)2:
Proof. We have

P
�
J; ��bInI

�
�

1X
k=0

2�k
1

j2kJ j

Z
(2kJ)\(bInI) d�;

and
�
2kJ

�
\
�bI n I� 6= ; requires

dist (J; e (I)) �
��2kJ�� :

Let k0 be the smallest such k. By our distance assumption we must then have

jJ j" jIj1�" � dist (J; e (I)) � 2k0 jJ j ;
or

2�k0 �
�
jJ j
jIj

�1�"
:

Now let k1 be de�ned by 2k1 � jIj
jJj . Then assuming k1 > k0 (the case k1 � k0 is

similar) we have

P
�
J; ��bInI

�
�

(
k1X

k=k0

+
1X

k=k1

)
2�k

1

j2kJ j

Z
(2kJ)\(bInI) d�

. 2�k0
jIj
j2k0J j

 
1

jIj

Z
(2k1J)\(bInI) d�

!
+ 2�k1P

�
I; ��bInI

�
.

�
jJ j
jIj

�1�2"
P
�
I; ��bInI

�
+
jJ j
jIjP

�
I; ��bInI

�
;

which is the inequality (3.15). �
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Finally, we need the following variant of Lemma 3.1 where we replace the Haar
function in the inner product hH� (4�

I f) ;4!
Jgi (appearing in the statement of

Lemma 3.1) corresponding to the larger interval by a bounded function dominated
by an expectation, provided the larger interval is a stopping interval.

Lemma 3.16. Suppose that all of the interval pairs (I; J) 2 D� � D! considered
below are good. Suppose that f 2 L2 (�) and g 2 L2 (!) and that F and G are �-
Carleson and !-Carleson collections respectively as in De�nition 2.3. Furthermore,
suppose that for each pair of intervals I 2 D� and J 2 D!, there are bounded
functions �I;J and 
I;J supported in I n 2J and J n 2I respectively, satisfying

�I;J

1 ;




I;J

1 � 1:
Then we have X

(I;J)2F�D!

I\J=; and jJj�2�rjIj

���
H�

�
�I;J1IE�I f

�
;4!

Jg
�
!

���(3.17)

+
X

(I;J)2D��G
I\J=; and jIj�2�rjJj

���
H� (4�
I f) ; 
I;J1JE!Jg

�
!

���
.

p
A2 kfkL2(�) kgkL2(!) ;

and also X
(I;J)2F�D!

2�rjIj�jJj�jIj

jhH� (1IE�I f) ;4!
Jgi!j+

X
(I;J)2D��G
2�rjJj�jIj�jJj

jhH� (4�
I f) ;1JE!Jgi!j

. NTV kfkL2(�) kgkL2(!) :

Proof. (of Lemma 3.16) The proof of Lemma 3.16 follows the lines of the proof of
Lemma 3.1, but using the �almost orthogonality�property

P
F2F jF j� (E�I jf j)

2 .
kfk2L2(�) in place of the orthonormality of the Haar system

P
F2F

��hf; h�I i���2 =
kfk2L2(�) - and similarly for kgk

2
L2(!).We prove only the case (I; J) 2 F � D!

and jIj � 2r jJ j.
We split the �rst sum in (3.17) into two sums, namely a long-range sum where

in addition J \ 3I = ;, and a mid-range sum where in addition J � 3I n I. We
begin with the proof for the long-range sum, namely we prove

Along�range �
X

(I;J)2F�D!

3I\J=; and jJj�2�rjIj

���
H�

�
�I;J1IE�I f

�
;4!

Jg
�
!

���(3.18)

.
p
A2 kfkL2(�) kgkL2(!) :

We apply the Energy Lemma 3.9 to estimate the inner product


H�(�I;J1I); h

!
J

�
!

using � = �I;J1I� and 2J \ supp
�
�I;J

�
= ;. Since j�j �



�I;J

1 1I� � 1I�, the
Energy Lemma applies to give us the estimate below.

�(I; J) �
���
H�(�I;J1I); h

!
J

�
!

��� .qjJ j!P(J; j�j)
.

q
jJ j!P(J;1I�) .

q
jJ j! jIj� �

jJ j
dist(I; J)2

:
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We have used the inequality P(J;1I�) . jJj
dist(I;J)2 jIj�, trivially valid when 3I\J =

; and jJ j � jIj. We may assume that kfk2L2(�) = kgk
2
L2(!) = 1. We then estimate

Along�range �
X
I2F

X
J : jJj�jIj:dist(I;J)�jIj

jE�I f j�(I; J)jhg; h!J i!j

.
X
I2F

X
J : jJj�jIj:dist(I;J)�jIj

jE�I f j
q
jIj�

q
jIj�

jJ j
dist(I; J)2

q
jJ j!jhg; h

!
J i!j

.
X
I2F

jE�I f j
2 jIj�

X
J : jJj�jIj:dist(I;J)�jIj

�
jJ j
jIj

��q
jIj�

jJ j
dist(I; J)2

q
jJ j!

+
X
J

jhg; h!J i!j
2

X
I : jJj�jIj:dist(I;J)�jIj

�
jJ j
jIj

���q
jIj�

jJ j
dist(I; J)2

q
jJ j!;

where we have inserted the gain and loss factors
�
jJj
jIj

���
with 0 < � < 1 to facilitate

application of Schur�s test. For each �xed I 2 F we have

X
J : jJj�jIj:dist(I;J)�jIj

�
jJ j
jIj

��q
jIj�

jJ j
dist(I; J)2

q
jJ j!

.
q
jIj�

1X
k=0

2�k�

0@ X
J : 2kjJj=jIj:dist(I;J)�jIj

jJ j
dist(I; J)2

jJ j!

1A 1
2

�

0@ X
J : 2kjJj=jIj:dist(I;J)�jIj

jJ j
dist(I; J)2

1A 1
2

;

which is bounded by

C
1X
k=0

2�k�
�
jIj�
jIj P (I; !)

� 1
2

.
p
A2;

if � > 0. For each �xed J we haveX
I : jJj�jIj:dist(I;J)�jIj

�
jJ j
jIj

���q
jIj�

jJ j
dist(I; J)2

q
jJ j!

.
q
jJ j!

1X
k=0

2�k(1��)
X

I : 2kjJj=jIj:dist(I;J)�jIj

jIj
dist(I; J)2

q
jIj�

.
q
jJ j!

1X
k=0

2�k(1��)

0@ X
I : 2kjJj=jIj:dist(I;J)�jIj

jIj
dist(I; J)2

jIj�

1A 1
2

�

0@ X
I : 2kjJj=jIj:dist(I;J)�jIj

jIj
dist(I; J)2

1A 1
2

;
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which is bounded by q
jJ j!

1X
k=0

2�k(1��)P
�
2kJ; �

� 1
2

�
1

j2kJ j

� 1
2

.
1X
k=0

2�k(1��)

 ��2kJ��
!

j2kJ j P
�
2kJ; �

�! 1
2

.
p
A2;

if � < 1. With any �xed 0 < � < 1 we obtain from the inequalities above that

Along�range .
X
I2F

jE�I f j
2 jIj�

p
A2 +

X
J

jhg; h!J i!j
2
p
A2

.
�
kfk2L2(�) + k�k

2
L2(!)

�p
A2 = 2

p
A2 kfkL2(�) kgkL2(!) ;

since we assumed kfkL2(�) = kgkL2(!) = 1, and this completes the proof of (3.18).
Now we turn to the proof for the mid-range sum, namely we prove

Amid�range �
X

(I;J)2F�D!

J�3InI and jJj�2�rjIj

���
H�

�
�I;J1IE�I f

�
;4!

Jg
�
!

���(3.19)

.
p
A2 kfkL2(�) kgkL2(!) :

To see (3.19), we set for integers s � r,

Amid�range(s) �
X
I2F

X
J : 2sjJj=jIj:dist(I;J)�jIj ; I\J=;

j(E�I jf j)


H�(�I;J1I); h

!
J

�
!
hg; h!J i!j

.
"X
I2F

(E�I jf j)
2 jIj�

# 1
2

�

264X
I2F

0@ X
J : 2sjJj=jIj:dist(I;J)�jIj ; I\J=;

jIj�
1
2

� j


H�(�I;J1I); h

!
J

�
!
j jhg; h!J i!j

1A2
375
1=2

. kfkL2(�)

242sX
I2F

X
J : 2sjJj=jIj:dist(I;J)�jIj ; I\J=;

jIj�1� j


H�(�I;J1I); h

!
J

�
!
j2 jhg; h!J i!j

2

351=2
. �(s) kfkL2(�) kgkL2(!) ;

where

�(s)2 � 2s sup
I2F

sup
J : 2sjJj=jIj:dist(I;J)�jIj ; I\J=;

jIj�1� j


H�(�I;J1I); h

!
J

�
!
j2

� 2s sup
I2F

X
J : 2sjJj=jIj:dist(I;J)�jIj ; I\J=;

jIj�1� j


H�(�I;J1I); h

!
J

�
!
j2;

sinceX
I2F

X
J : 2sjJj=jIj:dist(I;J)�jIj ; I\J=;

jhg; h!J i!j
2 � 2

X
J

jhg; h!J i!j
2
= 2 kgk2L2(!) :

Due to the �local�nature of the sum in J , we have thus gained a small improvement
in the Schur test to derive the last line.
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But (3.10) applies since 2J is disjoint from the support of �I;J , J is good with
respect to the grid D�, and so (3.15) also applies to yield

�(s)2 . sup
I2F

2s
X

J : 2sjJj=jIj:dist(I;J)�jIj ; I\J=;

!(J)

�(I)
� P(J;1I�)2

. sup
I2F

2s
X

J : 2sjJj=jIj:dist(I;J)�jIj ; I\J=;

!(J)

�(I)

�
jJ j
jIj

�2�4"
� P(I;1I�)2

. sup
I2F

2s2�s(2�4")
�(I)

jIj2
X

J : 2sjJj=jIj:dist(I;J)�jIj ; I\J=;

!(J)

. 2�(1�4")sA2 :

This is clearly a summable estimate in s � r, so the proof of (3.19) is complete. �

3.3. The good-bad decomposition. Here we use the random grid idea of Nazarov,
Treil and Volberg (see e.g. Chapter 17 of [Vol]) as more recently re�ned in Hytönen,
Pérez, Treil and Volberg [1]. For any � = f�lg 2 f0; 1gZ, de�ne the dyadic grid D�
to be the collection of intervals

D� =

(
2n

 
[0; 1) + k +

X
i<n

2i�n�i

!)
n2Z; k2Z

This parametrization of dyadic grids appears explicitly in [Hyt], and implicitly in
[NTV2] section 9.1. Place the usual uniform probability measure P on the space
f0; 1gZ, explicitly

P(� : �l = 0) = P(� : �l = 1) =
1

2
; for all l 2 Z;

and then extend by independence of the �l. Note that the endpoints and centers
of the intervals in the grid D� are contained in Qdy + x� , the dyadic rationals
Qdy �

�
m
2n

	
m;n2Z translated by x� �

P
i<0 2

i�i 2 [0; 1]. Moreover the pushforward
of the probability measure P under the map � ! x� is Lebesgue measure on [0; 1].
The locally �nite weights !; � have at most countably many point masses, and it
follows with probability one that !; � do not charge an endpoint or center of any
interval in D� .
For a weight !, we consider a random choice of dyadic grid D! on the probability

space �!, and likewise for second weight �, with a random choice of dyadic grid
D� on the probability space ��.

Notation 3.20. We �x " > 0 for use throughout the remainder of the paper.

De�nition 3.21. For a positive integer r, an interval J 2 D� is said to be r-bad
if there is an interval I 2 D! with jIj � 2rjIj, and

dist(e(I); J) � 1
2 jJ j

"jIj1�" :

Here, e(J) is the set of three points consisting of the two endpoints of J and its
center. (This is the set of discontinuities of h�J .) Otherwise, J is said to be r-good.
We symmetrically de�ne J 2 D! to be r-good.
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Let D� be randomly selected, with parameter �, and D! with parameter �0.
De�ne a projection

(3.22) P�goodf �
X

I is r-good 2D�

��I f ;

and likewise for P!goodg. De�ne an r; "-good subgrid D�good by

(3.23) D�good =
�
I 2 D� : dist

�
I; e

�bI�� � jIj" ���bI���1�" whenever ���bI��� � 2r jIj� :
Now de�ne an r; "-good projection GD� on L2 (�) by

(3.24) GD�f =
X

I2D�
good

hf; h�I i� h
�
I ; f 2 L2 (�) :

Let T : L2(�) ! L2(!) be a bounded linear operator. Then the operator norm
kTkL2(�)�!L2(!) is bounded by a multiple of

E�E�0 sup
kfkL2(�)=kgkL2(!)=1

���
TP�goodGD�f;P!goodGD!g
�
!

��� ;
where E� ;E�0 are the expectations relative to the probability space of grids, the
projections P�good and P

!
good are de�ned in (3.22), and the projections GD� and GD!

are de�ned in (3.24). The constant " > 0 in these de�nitions is taken su¢ ciently
small, and the associated constant r > 0 is then taken su¢ ciently large depending
on ".

Summary 3.25. It su¢ ces to consider only r-good intervals, and only functions of
the form f = GD�f and g = GD!g, and prove an estimate for kH(��)kL2(�)!L2(!)

that is independent of these assumptions. Accordingly, we will call r-good intervals
just good intervals from now on, and we will assume f = GD�f and g = GD!g. It
is important to note that an interval J 2 D!good satis�es the �good�inequality (3.23)
with respect to both grids D� and D!. In fact, we will assume that the two grids
D� and D! actually coincide. For this see Hytönen, Pérez, Treil and Volberg [1].

Remark 3.26. If J � I is an r; "-good subinterval of an interval I, then one of
the following two cases holds:
Case (1): either jJ j > 2�r jIj,
Case (2): or jJ j � 2�r jIj and dist (J; e (I)) � jJ j" jIj1�".
For a �xed interval I, there are only 2r+1 intervals J in Case (1), and since the
lengths of jJ j and jIj are comparable, all of the estimates we claim in this paper
for Case (1) subintervals J turn out to be essentially trivial. Thus the Case (2)
subintervals J constitute the substantial case, and for these subintervals we write
J b I and refer to J as simply a good subinterval of I.

4. Intertwining proposition and functional energy

Our main result here says that, modulo terms that are controlled by the A2
and interval testing conditions, we can in two special situations, pass the !-corona
projection P!C!G through the Hilbert transform H to become the �-corona projection
P�C!G

. More precisely, we mean that with H�f � H (f�), the intertwining operator

P!C!G

h
P!C!GH� �H�P

�
C!G

i
P�C�F
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is bounded with constant NT V. The �rst special situation in which this works is
when G � F and (F;G) 2 Far (F � G), in which case the intertwining operator
reduces to P!C!GH�P

�
CF since C

�
F \ C!G = ;.

The case when (F;G) 2 Near (F � G) is more problematic, and we do not know
if the analogous result holds for it. However, we can pass the !-corona projection
P!C!G

through a restricted portion of the sum, which we now describe. For a �xed
F 2 F , it will be convenient to write G � F to mean that G satis�es the properties
(F;G) 2 Near (F � G) and G � F , so that we can iterate the near sum as

X
(F;G)2Near(F�G)

G�F

8<: X
(I;J)2C�F�C!G

hH� 4�
I f;4!

Jgi!

9=;
=
X
F2F

X
G�F

8<: X
(I;J)2C�F�C!G

hH� 4�
I f;4!

Jgi!

9=; :

The additional restriction we impose on the inner sum above is that I is contained
in a G-child G0 of G; thus while G � F , there is a sort of �reverse�inclusion required
of I. We will establish an intertwining inequality for the �mixed�form,

(4.1) Bmix (f; g) �
X
F2F

X
G�F

X
(I;J)2C�F�C

!
G

IbG02CG(G)

h4�
I f;H! 4!

J gi� :

We separate one of the main steps in the proof in the second subsection below,
where we show in the Functional Energy Proposition 4.22 that the functional energy
conditions are controlled by the A2 and interval testing conditions. We will freely
apply the Intertwining Proposition 4.2 in the more complicated analysis of bounded
�uctuation in later sections.

4.1. Intertwining proposition.

Proposition 4.2. Let f =
P

F2F P
�
C�F
f and g =

P
G2G P

!
C!G
g be a parallel Calderón-

Zygmund corona decomposition for f 2 L2 (�) and g 2 L2 (!). Then
(4.3)��������

X
(F;G)2Far(F�G)

G�F

D
H�P

�
C�F f;P

!
C!Gg
E
!

��������+ jBmix (f; g)j . (NTV) kfkL2(�) kgkL2(!) :
There is of course a dual formulation with F � G.

We will also need the following generalization of the Intertwining Proposition
to parallel corona decompositions that use general stopping data as de�ned in
De�nition 1.8.

Proposition 4.4. Let

hH� (f) ; gi! = Hnear (f; g) + Hdisjoint (f; g) + Hfar (f; g)

be a parallel corona decomposition as in (1.7) of the bilinear form hH�f; gi! with
stopping data F and G for f and g respectively. Then (4.3) holds.



HILBERT TRANSFORM, TWO WEIGHTS 25

In this �rst subsection we prove that the left hand side of (4.3) is dominated by
the larger expression

(4.5) (NTV+ F+ F�) kfkL2(�) kgkL2(!) ;

that includes the functional energy constants F and F�. In the next subsection we
show that the functional energy constants F and F� are themselves controlled by
NTV. Finally, in the third subsection we prove the more general Proposition 4.4.

Remark 4.6. We do not know if the following intertwining inequality holds:��������
X

(F;G)2Near(F�G)
G�F

D
H�P

�
C�F nC!G

f;P!C!Gg
E
!

�������� . (NTV) kfkL2(�) kgkL2(!) :
If true, we could use the techniques of this paper to replace the indicator/interval
testing conditions (1.3) with (1.2) and the following weaker inequality and its dual:
jhH�1E ;1E0i!j .

p
jIj� jE0j! for all intervals I and compact subsets E;E0 � I.

Proof. We prove the inequality (4.3) with (4.5) on the right side. We begin by
writing

Hfar lower (f; g) =
X

(F;G)2Far(F�G)
G�F

D
H�P

�
C�F f;P

!
C!Gg
E
!

=
X
J2D!

X
(F;G)2Far(F�G)
J2CG and G�F



H�P

�
CF f;4

!
Jg
�
!
;

and claim the estimate

(4.7) jHfar lower (f; g)j . (NTV+ F) kfkL2(�) kgkL2(!) :

We have

Hfar lower (f; g) =
X

(F;G)2Far(F�G)
G�F

Z
H�

�
P�CF f

� �
P!CGg

�
!

=
X
G2G

Z
H�

0BB@ X
F2F : (F;G)2Far(F�G)

G�F

P�CF f

1CCA �
P!CGg

�
!

�
X
G2G

Z
H�

� bfG� �P!CGg�!;
where

bfG � X
F2F : (F;G)2Far(F�G)

G�F

P�CF f =
X

F2F : (F;G)2Far(F�G)
G�F

X
I2CF

4�
I f; G 2 G:
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Now we decompose this last sum according to whether or not the interval I is
disjoint from G: bfG = f \G + f

[
G;

f \G =
X

F2F : (F;G)2Far(F�G)
G�F

X
I2CF : G�I

4�
I f;

f [G =
X

F2F : (F;G)2Far(F�G)
G�F

X
I2CF : G\I=;

4�
I f:

Once again we have�����X
G2G

Z
H�

�
f [G

� �
P!CGg

�
!

����� =

��������
X
G2G

X
F2F : (F;G)2Far(F�G)

G�F

X
I2CF
I\G=;

X
J2CG

Z
H� (4�

I f) (4!
Jg)!

��������
�

X
(I;J)2D��D! : I\J=;

jhH� (4�
I f) ;4!

Jgi!j

. (NTV) kfkL2(�) kgkL2(!) ;

by Lemma 3.1 since the intervals I and J paired above are disjoint.
Turning to the term involving f \G, we note that the intervals I occurring there

are linearly and consecutively ordered by inclusion, along with the intervals F 2 F
that contain G. More precisely, we can write

G � F1 (G) $ F2 (G) $ :::Fn (G) $ Fn+1 (G) $ :::FN (G)

where F1 (G) is the smallest interval in F containing G and Fn+1 (G) = �FFn (G)
for all n � 1. Note that the only intervals Fn (G) occurring among the intervals I in
the sum for f \G are those with n � 2, since we must have (Fn (G) ; G) 2 Far (F � G),
which requires that there is F 0 2 F satisfying G � F 0 $ Fn (G). We can also write

G � I1 (G) $ I2 (G) $ :::Ik (G) $ Ik+1 (G) $ :::IK (G) = FN (G)

where I1 (G) is the smallest interval in CF2(G) containing G, equivalently I1 (G) =
�D�F1 (G), and Ik+1 (G) = �D�Ik (G) for all k � 1. There is a (unique) subse-
quence fkngNn=1 such that

Fn (G) = Ikn (G) ; 1 � n � N;

upon de�ning Ik1 (G) = I0 (G) = F1 (G). Note here that the only intervals Ik (G)
occurring among the intervals I in the sum for f \G are those with k > k1.
Assume now that kn � k < kn+1 and

(4.8) � (Ik (G)) = Ik+1 (G) n Ik (G) 2 CFn+1 :

Then using a telescoping sum, we compute that for x 2 � (Ik (G)),

(4.9)
���f \G (x)��� =

�����
1X
`=k

4�
I`
f (x)

����� = ���E��(Ik(G))f � E�IKf ��� . E�Ikn+1 jf j = E�Fn+1 jf j :
If kn � k < kn+1 and (4.8) fails, then we have

� (Ik (G)) 2 C (Fn+1) � F :
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Thus we decompose f \G (x) as (recall Ik1 (G) = F1 (G))

f \G = f \G;local + f
\
G;corona + f

\
G;stopping ;

where

f \G;local =
�
E�F1(G)f � E

�
IKf

�
1F1(G) ;

f \G;corona =
X

k�k1: �(Ik(G))=2F

�
E��(Ik(G))f � E

�
IKf

�
1�(Ik(G)) ;

f \G;stopping =
X

k�k1: �(Ik(G))2F

�
E��(Ik(G))f � E

�
IKf

�
1�(Ik(G)) :

Now f \G;local depends only on F1 (G), and
���f \G;local��� . �

E�F1(G) jf j
�
1F1(G), so

that if we write

f@F1(G) � f \G;local;

R!F g �
X

G2G: F1(G)=F

P!CGg;

then we have �����X
G2G

Z
H�

�
f \G;local

� �
P!CGg

�
!

����� =
�����X
F2F

Z
H�

�
f@F
�
(R!F g)!

�����(4.10)

. T
X
F2F

(E�F jf j)
q
jF j� kR

!
F gkL2(!)

. T

 X
F2F

(E�F jf j)
2 jF j�

! 1
2
 X
F2F

kR!F gk
2
L2(!)

! 1
2

. T kfkL2(�) kgkL2(!) :

Next we turn to estimating f \G;stopping in the decomposition of f
\
G, which can be

controlled by the A2 condition alone. We claim

(4.11)

�����X
G2G

Z
H�

�
f \G;stopping

� �
P!CGg

�
!

����� .pA2 kfkL2(�) kgkL2(!) :
To prove this we write�����X

G2G

Z
H�

�
f \G;stopping

� �
P!CGg

�
!

�����(4.12)

=

������
X
G2G

X
F2F : G��(F )

(E�F f)


H� (1F ) ;P

!
CGg
�
!

������
=

������
X
F2F

(E�F f)

*
H� (1F ) ;

X
G2G: G�some F 0��(F )

P!CGg

+
!

������
�

X
F2F

(E�F f)
X

J��(F )

jhH� (1F ) ;4!
Jgi!j :
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Lemma 3.16 applies to the �nal line above to give (4.11). We remark that using
J � � (F ) in the �nal sum, we can replace

p
A2 with the classical constant

p
A2 in

the estimate above.
To handle f \G;corona we will use Lemma 3.2 and the functional energy condition

(2.6) above in conjunction with the representation

f \G;corona =
X

k�k1: �(Ik(G))=2F

�
E��(Ik(G))f � E

�
IKf

�
1�(Ik(G)) =

NX
n=1

�Fn+1;G1Fn+1 ;

where the function �Fn+1;G de�ned by

�Fn+1;G �
X

kn�k<kn+1: �(Ik(G))=2F

�
E��(Ik(G))f � E

�
IKf

�
1�(Ik(G));

has support in Fn+1 n Fn. Moreover, �Fn+1;G satis�es the following pointwise esti-
mate by (4.9):

(4.13)
����Fn+1;G (x)��� � �E�Fn+1 jf j�1Fn+1nFn (x) :

Thus with G (J) = G for J 2 CG, we can writeX
G2G

Z
H�

�
f \G;corona

� �
P!CGg

�
! =

X
J2D!

Z
H�

�
f \G(J);corona

�
(4!

Jg)!;

and then by the Monotonicity Lemma 3.2 and the bound (4.13) we have���� \
H�f

\
G(J);corona (J)

���� � X
F2F : G(J)�F

(F;G(J))2Far(F�G)



H�

��
E��FF jf j

�
1�FFnF

�
; h!J

�
!
:

Given J 2 D! and F 2 F with �FJ � F , let J� denote the maximal good
D!-dyadic interval satisfying J � J� � F as in De�nition 2.5. Apply the pointwise
estimate in the Monotonicity Lemma 3.2 and writeeg = X

J2D!

jhg; h!J i!jh
!
J :

With J (K) and J � (K) as in De�nitions 2.4 and 2.5, we now obtain����� X
J2D!

Z
H�

�
f \G(J);corona

�
(4!

Jg)!

�����(4.14)

�
X
J2D!

jhg; h!J i!j
X

F2F : G(J)�F
(F;G(J))2Far(F�G)



H�

��
E��FF jf j

�
1�FFnF

�
; h!J

�
!

.
X
J2D!

heg; h!J i! X
F2F : G(J)�F

(F;G(J))2Far(F�G)

�
E��FF jf j

� 1

jJ�jP
�
J�;1�FFnF�

�
hx; h!J i!

=
X
K2F

X
J�2J �(K)

*
x;

X
J2D! : J�J�
�FG(J)=K

4!
Jeg
+
!

1

jJ�jP

0@J�; X
F2F : K$F

�
E��FF jf j

�
1�FFnF�

1A
�

X
K2F

X
J�2J �(K)

�
x

jJ�j ;1J
�gK

�
!

P (J�;M�f) ;
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where the collection of functions

gK �
X
J2D!

�FG(J)=K

4!
Jeg; K 2 F ;

is F-adapted as in De�nition 2.4 above. Indeed, for J 2 D! and �FG (J) = K we
have cgK (J) = beg (J) � 0, and the orthogonality property
(4.15) hgK ; gK0i! = 0; K;K 0 2 F ;
holds since if J 2 CG, J 0 2 CG0 and �FG 6= �FG

0, then J 6= J 0. Note also that we
have the property

(4.16)
�

x

jJ�j ;1J
�gK

�
!

=
X

J2D! : J�J�
�FG(J)=K

jhg; h!J i!j
�

x

jJ�j ; h
!
J

�
!

� 0:

Finally, property (3) of De�nition 2.4 holds with overlap constant C = 2. Indeed,
if J� � I � F with J� 2 J � (F ), there are two possibilities: either (i) G (J�) � I
or (ii) I $ G (J�). In the �rst possibility we have F = FG(J�) and it is now easily
seen that the J� in case (i) are pairwise disjoint. In the second possibility, we have
G (J�) = G (I), and again it is easily seen that the J� in case (ii) are pairwise
disjoint.
Since F is �-Carleson, we can now apply the functional energy condition (2.6) to

the right side of (4.14) with the choice h =M�f . We have the maximal function
estimate,

khkL2(�) . kfkL2(�) ;
and so altogether we obtain that the right hand side of (4.14) satis�esX

K2F

X
J�2J �(K)

�
x

jJ�j ;1J
�gK

�
!

P (J�; h�)

� FkhkL2(�)

"X
K2F

kgKk2L2(!)

#1=2
. FkfkL2(�)kegkL2(!) . FkfkL2(�)kgkL2(!);

by (2.6) and (4.15).
This completes the proof that the �rst term on the left side of (4.3) is dominated

by the larger term (4.5) on the right side. �

Now we turn to proving that the second term Bmix (f; g) on the left side of (4.3)
is dominated by the larger term (4.5) on the right side.

Proof. We claim that the mixed form Bmix (f; g) de�ned in (4.1) in can be controlled
in the same way that the far upper form

Hfar upper (f; g) =
X

(F;G)2Far(F�G)
F�G

D
H�P

�
C�F f;P

!
CGg
E
!

=
X
G2G

X
G02CG(G)

X
F2F : F�G0

X
I2CF

X
J2CG

hH� 4�
I f;4!

Jgi!

=
X
G2G

X
G02CG(G)

X
F2F : F�G0

X
I2CF

X
J2CG

h4�
I f;H! 4!

J gi� ;
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would have been controlled in the �rst part of the proof of Proposition 4.2, where
we actually estimated the dual form Hfar lower instead.
Indeed, the only di¤erence between the two forms is that in Bmix we have the

arrangement of intervals

(4.17) I � G0 � G � F;

with I 2 C�F and J 2 C!G, while in Hfar upper we have instead the arrangement of
intervals

I � F � G0 � G;

with I 2 C�F and J 2 C!G. To control Hfar upper in the �rst part of the proof, we
would have summed over J to obtain a function bgF , and applied the Monotonicity
Lemma along with the dual functional energy condition. To control Bmix here, we
do essentially the same, namely we sum over J to obtain a function bgI , and apply
the Monotonicity Lemma along with the dual functional energy condition.
We write the mixed form Bmix (f; g) as

Bmix (f; g) =
X
F2F

Bmix;F (f; g) ;

Bmix;F (f; g) �
X
G�F

X
(I;J)2(C�F\C

!eF )�C!G
IbG02CG(G)

h4�
I f;H! 4!

J gi�

=
X
G�F

X
G02CG(G)

X
I2CF : I�G0

X
J2C!G

h4�
I f;H! 4!

J gi� ;

and prove the estimate,

(4.18) jBmix;F (f; g)j . (NTV+ F�)



P�C�F f


L2(�) 


P!C!eF g


L2(!) :

Then we can sum in F 2 F and use Cauchy-Schwarz to obtain

jBmix (f; g)j . (NTV+ F�) kfkL2(�) kgkL2(!) :

Here are the details.
We have

Bmix;F (f; g) =
X
G�F

X
G02CG(G)

X
I2CF : I�G0

X
J2C!G

h4�
I f;H! 4!

J gi�

=
X
I2CF

X
G�F

X
G02CG(G)
I�G0

D
4�
I f;H!P

!
C!Gg
E
�

=
X
I2CF

h4�
I f;H!bgIi� ;

where bgI � X
G�F :

X
G02CG(G)
I�G0

X
J2C!G

4!
Jg;

and we recall that F 2 F is �xed. We now decompose this last sum according to
whether or not the interval J is disjoint from I: bgI = g\I + g[I . As in the earlier
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argument, the term involving g[I is handled by Lemma 3.1, and we arrange the
intervals J occurring in the sum for

g\I �
X
G�F

X
G02CG(G)
I�G0

X
J2C!G
I�J

4!
Jg;

into an increasing sequence of consecutive D!-dyadic intervals fJk (I)gKk=1. We also
identify the increasing sequence of consecutive G-stopping intervals fGn (I)gNn=1
that contain I, as the subsequence with fJkn (I)g

N
n=1, i.e. Jkn (I) = Gn (I). It

is important to observe that because of the arrangement of intervals in (4.17), we
have

I � G0 = G1 (I) � J1 (I) = �D!G1 (I) � GN (I) � JK (I) = F:

Now we decompose

g\I = g\I;local + g
\
I;corona + g

\
I;stopping ;

where

g\I;local �
�
E!G1(I)

g � E!F g
�
1G1(I) ;

g\I;corona �
X

k�k1: �(Jk(I))=2G

�
E!�(Jk(I))g � E

!
F g
�
1�(Jk(I)) ;

g\I;stopping �
X

k�k1: �(Jk(I))2G

�
E!�(Jk(I))g � E

!
F g
�
1�(Jk(I)) :

The form corresponding to the local function g\I;local � g@G1(I)
satis�es

������
X
I2C�F

D
4�
I f;H!g

\
I;local

E
�

������ =
��������
X
G�F

X
G02CG(G)

X
I2C�F

G1(I)=G
0



4�
I f;H!g

@
G

�
�

��������
=

�����X
G�F

D
P�C!G\C�F f;H! ((E!Gg � E!F g)1G)

E
�

�����
�

X
G�F




P�C!G\C�F f


L2(�) (E!G jgj � E!F jgj)
q
jGj!

.
 X
G�F




P�CG\C�F f


2L2(�)
! 1

2
 X
G�F

(E!G jgj)
2 jGj!

! 1
2

.



P�C�F f


L2(�) 


P!C!eF g


L2(!) :
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We next show that the form corresponding to the stopping function g\I;stopping
is controlled by the A2 condition alone upon using Lemma 3.16. Indeed, we have������

X
I2C�F

D
4�
I f;H!g

\
I;stopping

E
�

������
=

������
X
I2C�F

*
4�
I f;H!

0@ X
k�k1: �(Jk(I))2G

�
E!�(Jk(I))g � E

!
F g
�
1�(Jk(I))

1A+
�

������
=

������
X
G�F

X
G02CG(G)

X
I2C�F : I��G0

h4�
I f;H! ((E!G0g � E!F g)1G0)i�

������
.

X
G�F

X
G02CG(G)

X
I2C�F : I��G0

jh4�
I f;H! ((E!G0 jgj)1G0)i�j

.
p
A2



P�C�F f


L2(�) 


P!C!eF g


L2(!) ;

by Lemma 3.16. We remark that using I � �G0 in the �nal sum, we can replacep
A2 with the classical constant

p
A2 in the estimate above.

Finally, the form corresponding to the corona function g\I;corona is controlled by
the dual functional energy condition upon applying the Monotonicity Lemma 3.2
as follows. We write

g\I;corona =
X

k�k1: �(Jk(I))=2G

�
E!�(Jk(I))g � E

!
F g
�
1�(Jk(I)) =

NX
n=1

�F;Gn+1(I)1Gn+1(I);

�F;Gn+1(I) �
X

kn�k<kn+1: �(Jk(I))=2G

�
E!�(Jk(I))g � E

!
F g
�
1�(Jk(I));

where �F;Gn+1(I) satis�es the pointwise estimate����F;Gn+1(I) (x)
��� . �E!Gn+1(I)

jgj
�
1Gn+1(I)nGn(I) (x) :

Thus with ef = X
I2C�F

jhf; h�I i�jh
�
I ;

we have������
X
I2C�F

D
4�
I f;H!g

\
I;corona

E
�

������
.

X
I2C�F

*
4�
I
ef;H!

 
NX
n=1

�
E!Gn+1(I)

jgj
�
1Gn+1(I)nGn(I)

!+
�

=
X
I2C�F

*
4�
I
ef;H!

0BB@X
G`F

X
G02SG(G)
I�G0

X
G002G: G0�G00�G

�
E!�GG00 jgj

�
1�GG00nG00

1CCA
+
�

:

Here the notation G ` F means that G is maximal with respect to the property
G � F , and SG (G) denotes the successor set of all G0 2 G with G0 � G.
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Now we use the arguments surrounding (4.14) and (4.16) in the proof of Propo-
sition 4.2 in order to apply the dual of the functional energy condition in (2.6). For
convenience we write X

G`F

X
G02SG(G)
I�G0

X
G002G: G0�G00�G

�
X
G00onI

:

Then with F (G) � �FG and I � I� � �GI and GF � fG 2 G : G � Fg, the error
estimate in the the Monotonicity Lemma 3.2 gives

X
I2C�F

*
4�
I
ef;H!

 X
G00onI

�
E!�GG00 jgj

�
1�GG00nG00

!+
�

(4.19)

�
X
I2C�F

jhf; h�I i�j
X
G00onI

�
E!�GG00 jgj

� 1

jI�jP
�
I�;1�GG00nG00!

�
hx; h�I i�

=
X
H2GF

X
I�2I�(H)

*
x

jI�j ;
X

I2C�F (H)\C
!
H

I�I�

4�
I
ef+

�

P

0BB@I�; X
G00onI

H�G00�F (H)

�
E!�GG00 jgj

�
1�GG00nG00!

1CCA
�

X
H2GF

X
I�2I�(H)

�
x

jI�j ;1I
�fH

�
�

P (I�; (M!g)!) ;

where the collection of functions

fH �
X

I2C�
F (H)

\C!H

4�
I
ef; H 2 GF ;

is GF -adapted as in De�nition 2.4 above. Indeed, for I 2 C�F (H) \ C!H we havecfH (I) = bef (I) � 0, and the orthogonality property
(4.20) hfH ; fH0i! = 0; H 6= H 0 2 GF ;

holds since then C!H \ C!H0 = ;. Note also that we have the property

(4.21)
�

x

jI�j ;1I
�fH

�
�

=
X

I2C�F (H)\C
!
H

I�I�

jhf; h�I i!j
�

x

jI�j ; h
�
I

�
�

� 0:

Property (3) of De�nition 2.4 holds here with overlap constant C = 1. Since
GF is !-Carleson, we can now apply the inequality dual to the functional energy
inequality (2.6) to the right side of (4.19), with the choice h =M!P

!
C!eF g. We have

the maximal function estimate,

khkL2(!) .



P!C!eF g


L2(!) ;
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and so altogether we obtain that the right hand side of (4.19) satis�esX
H2G

X
I�2I�(H)

�
x

jI�j ;1I
�fH

�
�

P (I�; (M!g)!)

� F�khk�

"X
H2G

kfHk2L2(�)

#1=2
. F�kP!C!eF gkL2(!)k efkL2(�)

. F�



P�C�F f


L2(�) 


P!C!eF g


L2(!) ;

by the inequality dual to (2.6), and (4.20). This proves (4.18), and hence completes
the proof of Proposition 4.2, but with the larger term (4.5) on the right side of
(4.3). �

4.2. Controlling functional energy. In this subsection we prove that the func-
tional energy conditions are implied by the strong A2 and interval testing condi-
tions, thus completing the proof of the Intertwining Proposition 4.2.

Proposition 4.22. F . A2 + T and F� . A2 + T�:

To prove this proposition we �x F as in (2.6) and set

(4.23) � �
X
F2F

X
J�2J �(F )





P!F;J� x

jJ�j





2
L2(!)

� �(c(J�);jJ�j) ;

where J � (F ) is de�ned in De�nition 2.5, and the projections P!F;J� onto Haar
functions are de�ned by

P!F;J� �
X

J�J�: J2J (F )

4!
J :

We can replace x by x� c for any choice of c we wish; the projection is unchanged.
Here �q denotes a Dirac unit mass at a point q in the upper half plane R2+.
We prove the two-weight inequality

(4.24) kP(f�)kL2(R2+;�) . kfkL2(�) ;

for all nonnegative f in L2 (�), noting that F and f are not related here. Above,
P(�) denotes the Poisson extension to the upper half-plane, so that in particular

kP(f�)k2L2(R2+;�) =
X
F2F

X
J�2J �(F )

P (f�) (c(J�); jJ�j)2




P!F;J� x

jJ�j





2
L2(!)

;

and so (4.24) implies (2.6) by the Cauchy-Schwarz inequality. By the two-weight
inequality for the Poisson operator in [Saw3], inequality (4.24) requires checking
these two inequalities

(4.25)
Z
R2+
P (1I�) (x; t)2 d� (x; t) � kP (1I�)k2L2(bI;�) . �A2 + T2��(I) ;

(4.26)
Z
R
[P�(t1bI�)]2�(dx) . A2

Z
bI t
2�(dx; dt);
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for all dyadic intervals I 2 D, where bI = I � [0; jIj] is the box over I in the upper
half-plane, and

P�(t1bI�) =
Z
bI

t2

t2 + jx� yj2�(dy; dt) :

It is important to note that we can choose for D any �xed dyadic grid, the com-
pensating point being that the integrations on the left sides of (4.25) and (4.26) are
taken over the entire spaces R2+ and R respectively.

Remark 4.27. There is a gap in the proof of the Poisson inequality at the top of
page 542 in [Saw3]. However, this gap can be �xed as in [SaWh] or [LaSaUr1].

4.2.1. The Poisson testing inequality. We choose the dyadic grid D in the testing
conditions (4.25) and (4.26) to be the grid D! that arises in the de�nition of the
measure � in (4.23). In particular all of the intervals J� lie in the good subgrid
D!good of D. Fix I 2 D. We split the integration on the left side of (4.25) into a
local and global piece:Z

R2+
P (1I�)2 d� =

Z
bI P (1I�)

2
d�+

Z
R2+nbI P (1I�)

2
d�:

The global piece turns out to be controlled solely by the A2 condition, so we leave
that term for later, and turn now to estimating the local term.
An important consequence of the fact that I and J� lie in the same grid D = D!,

is that (c (J�) ; jJ�j) 2 bI if and only if J� � I. Thus we haveZ
bI P (1I�) (x; t)

2
d� (x; t)

=
X
F2F

X
J�2J �(F ): J��I

P (1I�) (c (J�) ; jJ�j)2




P!F;J� x

jJ�j





2
L2(!)

=
X
F2F

X
J�2J �(F ): J��I

P (J�;1I�)
2 kP!F;J�

x

jJ�j k
2
L2(!):

Note that the collections J � (F ) are pairwise disjoint for F 2 F , and that for
J� 2 J � (F ) we have



P!F;J� x

jJ�j





2
L2(!)

=





P!F;J� �x� E!J�xjJ�j

�



2
L2(!)

(4.28)

�
Z
J�

����x� E!J�xjJ�j

����2 d! (x) = E (J�; !)2 jJ�j! :
In the �rst stage of the proof, we �create some holes�by restricting the support

of � to the interval I in the sum below.X
F2F

X
J�2J �(F ): J��I

P (J�;1F\I�)
2 kP!F;J�

x

jJ�j k
2
L2(!)

=

( X
F2F : F�I

+
X

F2F : F�I

) X
J�2J �(F ): J��I

P (J�;1F\I�)
2 kP!F;J�

x

jJ�j k
2
L2(!)

= A+B:
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Then

A �
X
F2F

X
J�2J �(F ): J��I

P(J�;1F\I�)
2E (J�; !)2 jJ�j!

� E2
X
F2F

�(F \ I) .
�
A2 + T

2
�
�(I) :

Here we have used that the constant E2, de�ned in the energy condition

sup
�
[
1
i=1Ii�I

X
i

P(Ii;1I�)
2E (Ii; !)

2 jIij! � E2 jIj� ; I 2 D�;

is controlled by the A2 and testing constant T (see [LaSaUr]). We also used that
the stopping intervals F satisfy a �-Carleson measure estimate,X

F2F : F�F0

jF j� . jF0j� ;

which implies that if fFjg are the maximal F 2 F that are contained in I, thenX
F2F

�(F \ I) �
X
j

X
F�Fj

�(F ) .
X
j

�(Fj) � �(I):

Now let eJ (I) consist of those J� � I that lie in J � (F ) for some F � I. For
J� 2 eJ (I) there are only two possibilities:

J� b I or J� 6b I:

If J� b I and F � I, then J� b F by the de�nition of J� good, and then by
Property (3) in the de�nition of J (F ), De�nition 2.4, it follows that the intervals
J� 2 eJ (I) with J� b I have overlap bounded by C, independent of I. As for the
other case J� 2 eJ (I) and J� 6b I, there are at most 2r+1 such intervals J�, and
they can be easily estimated without regard to their overlap if we let FJ� be the
unique interval FJ� � I with J� 2 J � (FJ�). Inequality (4.28) then shows that
term B satis�es

B �

8<: X
J�2 eJ (I): J�bI

+
X

J�2 eJ (I): J� 6bI

9=;P (J�;1I�)2 kP!FI ;J� x

jJ�j k
2
L2(!)

.
X

J�2 eJ (I): J�bI
P (J�;1I�)

2 E (J�; !)2 jJ�j!

+2r+1 sup
J�2 eJ (I): J� 6bI P (J

�;1I�)
2 kP!F;J�

x

jJ�j k
2
L2(!)

� E2�(I) + 2r+1E2�(I) .
�
A2 + T

2
�
�(I) ;

since the intervals J� 2 eJ (I) with J� b I have overlap bounded by C, independent
of I.
It remains then to show the following inequality with �holes�:

(4.29)
X
F2FI

X
J�2J �(F )

P
�
J�;1InF�

�2 



P!F;J� x

jJ�j





2
L2(!)

.
�
A2 + T

2
�
�(I) ;
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where FI consists of those F 2 F with F � I. Because of the holes, we are able
to express this inequality in dual language via the pointwise control given in the
Monotonicity Lemma 3.2:

E �


H
�
1InF�

�
; h!J

�
!
� 1

jJ�jP (J
�; �) hx; h!J i(4.30)

= O

 
jJ j
jJ�j2

eP �J�;1InF�� hx; h!J i
!
:

We will prove below that for any dyadic interval I,
(4.31)X

F2FI

X
J�2J �(F )



H
�
1InF�

�
; egF;J��! � T�(I)1=2








X
F2F

X
J�2J �(F )

gF;J�








L2(!)

;

where the functions

gF;J� =
X

J2J (F ): J�J�
hgF;J� ; h!J i! h!J ;

satisfy P!F;J�gF;J� = gF;J� , and are pairwise orthogonal in (F; J�); and where the
functions egF;J� = X

J2J (F ): J�J�

��hgF;J� ; h!J i!�� h!J ;
satisfy the same conditions as the gF;J� and with the same L2 (!) norms. Using
the equivalence (3.4) in the Monotonicity lemma, together with hegF;J� ; h!J i! � 0,
we get ��
H �1InF�� ; gF;J��!��(4.32)

=

������
X

J2J (F ): J�J�
hgF;J� ; h!J i!



H
�
1InF�

�
; h!J

�
!

������
�

X
J2J (F ): J�J�

hegF;J� ; h!J i! 
H �1InF�� ; h!J�!
�

X
J2J (F ): J�J�

hegF;J� ; h!J i! 1

jJ�jP
�
J�;1InF�

�
hx; h!J i

=
1

jJ�jP
�
J�;1InF�

� 

P!F;J�x; egF;J��! :

Now X
F2FI

X
J�2J �(F )

1

jJ�jP
�
J�;1InF�

� 

P!F;J�x; gF;J�

�
!

can be viewed as an inner product, and since (4.32) and (4.31) give������
X
F2FI

X
J�2J �(F )

1

jJ�jP
�
J�;1InF�

� 

P!F;J�x; gF;J�

�
!

������(4.33)

�
�
T+

p
A2

�
�(I)1=2








X
F2FI

X
J�2J �(F )

gF;J�








L2(!)

;
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since kegF;J�kL2(!) = kgF;J�kL2(!), it then follows by duality thatX
F2FI

X
J�2J �(F )

1

jJ�j2
P
�
J�;1InF�

�2 

P!F;J�x

2L2(!) . �T2 +A2��(I);
which is (4.29). Thus it remains to prove (4.31).
The key to this is to note that we can now �plug the hole�we created above in

order to dualize (4.29) via the Monotonicity Lemma. We have

X
F2FI

X
J�2J �(F )

hH (1F�) ; egF;J�i! � T X
F2FI

�(F \ I)1=2








X
J�2J �(F )

egF;J�







L2(!)

� T

264 X
F2FI

�(F \ I)�
X
F2FI








X

J�2J �(F )

egF;J�







2

L2(!)

375
1=2

:

And this gives us the inequality we want. The functions egF;J� are pairwise orthogo-
nal in L2(w). And the intervals F are stopping intervals, hence satisfy a �-Carleson
measure estimate, which if fFjg are the maximal such F contained in I leads toX

F2FI

�(F \ I) �
X
j

X
F�Fj

�(F ) .
X
j

�(Fj) � �(I):

But it is trivial that

X
F2FI

X
J�2J �(F )

hH (1I�) ; egF;J�i! . T�(I)1=2







X
F2F

X
J2J (F )

egF;J�







L2(!)

;

and combined with the previous display and H
�
1InF�

�
= H (1I�)�H (1F�), this

yields (4.31). This completes the proof of the local part of the �rst testing condition
(4.25).

Now we turn to proving the following estimate for the global part of the �rst
testing condition (4.25): Z

R2+nbI P (1I�)
2
d� . A2 jIj� :

We begin by decomposing the integral on the left into four pieces:Z
R2+nbI P (1I�)

2
d� =

X
J�: (c(J�);jJ�j)2R2+nbI

P (1I�) (c (J�) ; jJ�j)2
X
F�J�





P!F;J� x

jJ�j





2
L2(!)

=

8>><>>:
X

J�\3I=;
jJ�j�jIj

+
X

J��3InI

+
X

J�\I=;
jJ�j>jIj

+
X
J�%I

9>>=>>;P (1I�) (c (J�) ; jJ�j)2
X
F�J�





P!F;J� x

jJ�j





2
L2(!)

= A+B + C +D:
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We further decompose term A according to the length of J� and its distance
from I, and then use (4.28) and E (J�; !) � 1 to obtain:

A .
1X
n=0

1X
k=1

X
J��3k+1In3kI=;
jJ�j=2�njIj

 
2�n jIj

dist (J�; I)
2 jIj�

!2
jJ�j!

.
1X
n=0

2�2n
1X
k=1

jIj2 jIj�
��3k+1I n 3kI��

!

j3kIj4
jIj�

.
1X
n=0

2�2n
1X
k=1

3�2k

(��3k+1I��
�

��3k+1I��
!

j3kIj2

)
jIj� . A2 jIj� :

We further decompose term B according to the length of J� and then use the
Poisson inequality (3.15),

P (J�;1I�)
2 .

�
jJ�j
jIj

�2�4"
P (I;1I�)

2
;

in Lemma 3.14, which requires the fact that our grid D!good is a good subgrid of
D = D! as de�ned in Subsection 3.3. We then obtain

B .
1X
n=0

X
J��3InI

jJ�j=2�njIj

�
2�n

�2�4"� jIj�
jIj

�2
jJ�j!

�
1X
n=0

�
2�n

�2�4" j3Ij� j3Ij!
j3Ij jIj� . A2 jIj� :

For term C we will have to group the intervals J� into blocks Bi, and then exploit
the mutual orthogonality in the pairs (F; J�) of the projections P!F;J� de�ning �, in
order to avoid overlapping estimates. We �rst split the sum according to whether
or not I intersects the triple of J�:

C �

8>><>>:
X

J�: I\3J�=;
jJ�j>jIj

+
X

J�: I�3J�nJ�
jJ�j>jIj

9>>=>>;
 

jJ�j
dist (J�; I)

2 jIj�

!2 X
F�J�





P!F;J� x

jJ�j





2
L2(!)

= C1 + C2:

Let fBig1i=1 be the maximal intervals in the collection of triples

f3J� : jJ�j > jIj and 3J� \ I = ;g ;

arranged in order of increasing side length. Below we will use the simple fact that
the intervals Bi have bounded overlap,

P1
i=1 1Bi

� 3. Now we further decompose
the sum in C1 by grouping the intervals J� into the blocks Bi, and then using that
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P!F;J�x = P
!
F;J� (x� c (Bi)) along with the mutual orthogonality of the P!F;J� :

C1 �
1X
i=1

X
J�: 3J��Bi

 
jJ�j

dist (J�; I)
2 jIj�

!2 X
F�J�





P!F;J� x

jJ�j





2
L2(!)

.
1X
i=1

 
1

dist (Bi; I)
2 jIj�

!2 X
J�: 3J��Bi

X
F�J�



P!F;J�x

2L2(!)
.

1X
i=1

 
1

dist (Bi; I)
2 jIj�

!2
k1Bi

(x� c (Bi))k2L2(!)

.
1X
i=1

 
1

dist (Bi; I)
2 jIj�

!2
jBij2 jBij!

.
( 1X
i=1

jBij! jIj�
jBij2

)
jIj� . A2 jIj�

since dist (Bi; I) � jBij and
1X
i=1

jBij! jIj�
jBij2

=
jIj�
jIj

1X
i=1

jIj
jBij2

jBij!

� jIj�
jIj

1X
i=1

Z
Bi

jIj
dist (x; I)

2 d! (x)

. jIj�
jIj P (I; !) � A2;

since
P1

i=1 1Bi
� 3.

Next we turn to estimating term C2 where the triple of J� contains I but J�

itself does not. Note that there are at most two such intervals J� of a given length,
one to the left and one to the right of I. So with this in mind we sum over the
intervals J� according to their lengths and use (4.28) to obtain

C2 =

1X
n=0

X
J�: I�3J�nJ�
jJ�j=2njIj

 
jJ�j

dist (J�; I)
2 jIj�

!2 X
F�J�





P!F;J� x

jJ�j





2
L2(!)

.
1X
n=0

�
jIj�
j2nIj

�2
j3 � 2nIj! =

(
jIj�
jIj

1X
n=0

j3 � 2nIj!
j2nIj2

)
jIj�

.
�
jIj�
jIj P (I; !)

�
jIj� � A2 jIj� ;

since
1X
n=0

j3 � 2nIj!
j2nIj2

=

Z 1X
n=0

1

j2nIj2
13�2nI (x) d! (x) . P (I; !) :

Finally, we turn to term D, which is handled in the same way as term C2. The
intervals J� occurring here are included in the set of ancestors Ak � �

(k)
D I of I,
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1 � k <1. We thus have

D =
1X
k=1

P (1I�) (c (Ak) ; jAkj)2
X
F�Ak





P!F;J� x

jAkj





2
L2(!)

.
1X
k=1

�
jIj�
jAkj

�2
jAkj! =

(
jIj�
jIj

1X
k=1

jIj
jAkj2

jAkj!

)
jIj�

.
�
jIj�
jIj P (I; !)

�
jIj� . A2 jIj� ;

since
1X
k=1

jIj
jAkj2

jAkj! =

Z 1X
k=1

jIj
jAkj2

1Ak(x)d! (x)

.
Z jIj
jIj2 + dist (x; I)2

d! (x) = P (I; !) :

Remark 4.34. The reduction to the testing condition here seems to be essential as
one can�t �plug the hole�in the function setting.

4.2.2. The dual Poisson testing inequality. Again we split the integration on the
left side of (4.26) into local and global parts:Z

R
[P�(t1bI�)]2� =

Z
I

[P�(t1bI�)]2� +
Z
RnI
[P�(t1bI�)]2�:

We begin with the local part. Note that

(4.35)
Z
bI t
2d� (x; t) =

X
F2F

X
J�2J �(F )
J��I

kP!F;J�zk2L2(!) ;

where we are using the dummy variable z to denote the argument of P!F;J� so as to
avoid confusion with the integration variable x in d� (x). Compute

(4.36) P�
�
t1bI�� (x) = X

F2F

X
J�2J �(F )
J��I

kP!F;J�zk2L2(!)
jJ�j2 + jx� c(J�)j2

And so, it makes sense to expand the square. The diagonal term is

X
F2F

X
J�2J �(F )
J��I

Z " kP!F;J�zk2L2(!)
jJ j2 + jx� c(J)j2

#2
d�(x) �M1 �

X
F2F

X
J�2J �(F )
J��I

kP!F;J�zk2L2(!)

(4.37)

where M1 � sup
F2F

sup
J�2J �(F )
J��I

Z kP!F;J�zk2L2(!)
(jJ�j2 + jx� c(J�)j2)2�(dx):(4.38)

But, by inspection, M1 is dominated by the A2 constant. Indeed, for any J�, we
have by (4.28)Z kP!F;J�zk2L2(!)

(jJ�j2 + jx� c(J�)j2)2�(dx) �
jJ�j!
jJ�j

Z jJ�j3
(jJ�j2 + jx� c(J�)j2)2�(dx) � A2 :
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Having �xed ideas, we �x an integer s, and consider those intervals J and J 0

with jJ 0j = 2�sjJ j, where we are now dropping the superscripts � from the intervals
J�, but not from J � (F ), for clarity of display. The expression to control is

Ts �
X
F2F

X
J2J (F )

X
F 02F

X
J02J (F )
jJ0j=2�sjJj

Z
I

kP!F;J�zk2L2(!)
jJ j2 + jx� c(J)j2

kP!F 0;J 0zk2L2(!)
jJ 0j2 + jx� c(J 0)j2�(dx)

�M2

X
F2F

X
J2J (F )

kP!F;J�zk2!

where M2 � sup
F2F

sup
J2J (F )

X
F 02F

X
J02J (F )
jJ0j=2�sjJj

Z
I

1

jJ j2 + jx� c(J)j2
kP!F 0;J 0zk2L2(!)

jJ 0j2 + jx� c(J 0)j2�(dx):

We claim the term M2 is at most a constant times A22�s. To see , �x J as in
the de�nition of M2, and use (4.28) to estimate the integral on the right by

jJ 0j!
jJ 0j

Z
I

jJ 0j2
jJ j2 + jx� c(J)j2

jJ 0j
jJ 0j2 + jx� c(J 0)j2�(dx) . A2

2�2s

1 + n2

where n is an integer chosen so that (n� 1)jJ j � dist(J; J 0) � njJ j. Then estimate
the sum over J 0 as follows.X

F 02F

X
J02J �(F 0) : jJ0j=2�sjJj
(n�1)jJj�dist(J;J0)�njJj

2�2s

1 + n2
. 2�s

1 + n2
:

because the relative lengths of J and J 0 are �xed. This is summable over n 2 N
to 2�s, so it completes our proof of the local part of the second testing condition
(4.26).

It remains to prove the following estimate for the global part of the second testing
condition (4.26): Z

RnI
[P�(t1bI�)]2� . A2 jIj� :

We decompose the integral on the left into two pieces:Z
RnI
[P�(t1bI�)]2� =

Z
Rn3I

[P�(t1bI�)]2� +
Z
3InI

[P�(t1bI�)]2� = A+B:

We further decompose term A in annuli and use (4.36) to obtain

A =
1X
n=1

Z
3n+1In3nI

[P�(t1bI�)]2�

=
1X
n=1

Z
3n+1In3nI

2664X
F2F

X
J�2J �(F )
J��I

kP!F;J�zk2L2(!)
jJ�j2 + jx� c(J�)j2

3775
2

d� (x)

.
1X
n=1

Z
3n+1In3nI

2664X
F2F

X
J�2J �(F )
J��I

kP!F;J�zk2L2(!)

3775
2

1

j3nIj4
d� (x) :
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Now use (4.35) andZ
bI t
2d� =

X
F2F

X
J�2J �(F )
J��I

kP!F;J�zk2L2(!) . k1I (z � c (I))k2L2(!) � jIj
2 jIj!

to obtain that

A .
1X
n=1

Z
3n+1In3nI

�Z
bI t
2d�

� h
jIj2 jIj!

i 1

j3nIj4
d� (x)

.
( 1X
n=1

3�2n
��3n+1I��

!

��3n+1I��
�

j3n+1Ij2

)�Z
bI t
2d�

�
. A2

Z
bI t
2d�:

Finally, we estimate term B by using (4.36) to write

B =

Z
3InI

2664X
F2F

X
J�2J �(F )
J��I

kP!F;J�zk2L2(!)
jJ�j2 + jx� c(J�)j2

3775
2

d� (x) ;

and then expanding the square and calculating as in the proof of the local part
given earlier. The details are similar and left to the reader.

4.3. General stopping data. Here we prove Proposition 4.4. Let f 2 L2 (�) and
g 2 L2 (!). Suppose we are given stopping data for f as in De�nition 1.8, i.e. a
positive constant C0 � 4, a subset F of the dyadic grid D�, and a corresponding
sequence �F � f�F (F )gF2F of nonnegative numbers �F (F ) � 0 satisfying

(1) E�I jf j � �F (F ) for all I 2 CF and F 2 F ,
(2)

P
F 0�F jF 0j� � C0 jF j� for all F 2 F ,

(3)
P

F2F �F (F )
2 jF j� �



P
F2F �F (F )1F



2
L2(�)

�C20 kfk
2
L2(�),

(4) �F (F ) � �F (F
0) whenever F 0; F 2 F with F 0 � F .

Note that we have here included in property (3) the quasiorthogonality inequality
(1.10). Similarly, let G and �G �

�
�G (G)

	
G2G be stopping data for g. We begin

by following the proof of Proposition 4.2, which makes no use of the explicit form
of stopping data until we get to the telescoping sums in inequality (4.9), which now
becomes

���f \G (x)��� =
�����
1X
`=k

4�
I`
f (x)

����� = ���E��(Ik(G))f � E�IKf ��� . �F (Fn+1)+�F (K) � 2�F (Fn+1) ;

by properties (1) and (4) above. Then we proceed with the decomposition

f \G = f \G;local + f
\
G;corona + f

\
G;stopping :
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The estimates�����X
G2G

Z
H�

�
f \G;local

� �
P!CGg

�
!

����� . T kfkL2(�) kgkL2(!) ;�����X
G2G

Z
H�

�
f \G;stopping

� �
P!CGg

�
!

����� .
p
A2 kfkL2(�) kgkL2(!) ;�����X

G2G

Z
H�

�
f \G;corona

� �
P!CGg

�
!

����� . F kfkL2(�) kgkL2(!) ;

now all follow as in the previous proof using properties (1), (2), (3) and (4) above.
Indeed, using (1) and (4) as above, the estimate (4.10) becomes�����X

G2G

Z
H�

�
f \G;local

� �
P!CGg

�
!

����� . T

 X
F2F

�F (F )
2 jF j�

! 1
2
 X
F2F

kR!F gk
2
L2(!)

! 1
2

. T kfkL2(�) kgkL2(!) ;

where in the last line we have used property (3) above, together with the orthogo-
nality of the projections R!F =

P
G2G: F1(G)=F P

!
CGg. Then using (1) and (4) again,

the estimate (4.12) becomes�����X
G2G

Z
H�

�
f \G;stopping

� �
P!CGg

�
!

����� . X
F2F

�F (F )
X

J��(F )

jhH� (1F ) ;4!
Jgi!j ;

which is dominated by
p
A2 kfkL2(�) kgkL2(!) upon application of Lemma 3.16 and

property (2) above. Finally, using (1) and (4) yet again, the estimate (4.13) becomes����Fn+1;G (x)��� � �F (Fn+1)1Fn+1nFn (x) ;

and this transforms the estimate (4.14) into����� X
J2D!

Z
H�

�
f \G(J);corona

�
(4!

Jg)!

�����
.

X
K2F

X
J�2J �(K)

*
x;

X
J2D! : J�J�
�FG(J)=K

4!
Jeg
+
!

1

jJ�jP

0@J�; X
F2F : K$F

�F (�FF )1�FFnF�

1A
�

X
K2F

X
J�2J �(K)

�
x

jJ�j ;1J
�gK

�
!

P (J�;M�f) ;

where
M�f �

X
F2F

�F (F )1F

substitutes for the maximal functionM�f used earlier. Now we use property (3),
together with the fact that the collection of functions fgKgK2F is F-adapted as in
De�nition 2.4, to obtain the boundX

K2F

X
J�2J �(K)

�
x

jJ�j ;1J
�gK

�
!

P (J�;M�f) . F kfkL2(�) kgkL2(!) :
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This establishes the bound for the �rst term on the left side of (4.3) in Proposition
4.4, but with the constant NTV + F + F� on the right side. Proposition 4.22
now applies to complete the proof of Proposition 4.4. The proof for the second
term Bmix (f; g) on the left side of (4.3) is also similar to the corresponding proof
in Proposition 4.2, using only modi�cations of the type already described above.
Proposition 4.22 now applies to complete the proof of Proposition 4.4.

4.3.1. Proof of the Iterated Corona Proposition. We can now prove the Iterated
Corona Proposition 1.11. For this we return to the parallel corona splitting (1.7),
but with general stopping data for each of f and g. We then decompose the far
form Hfar (f; g) into lower and upper forms in analogy with Hlower and Hupper in
(1.5):

Hfar (f; g) =

8>><>>:
X

(F;G)2Far(F�G)
G�F

+
X

(F;G)2Far(F�G)
F�G

9>>=>>;


H�P

�
CF f;P

!
CGg
�
!

� Hfar lower (f; g) + Hfar upper (f; g) :

Let Nnear, Ndisjoint, Nfar lower and Nfar upper be the bounds for the nonlinear
corona forms Hnear (f; g), Hdisjoint (f; g), Hfar lower (f; g) and Hfar upper (f; g). As
mentioned earlier, Lemma 3.1 gives

Ndisjoint . NTV:

Our goal here is to show the inequality

(4.39) Nfar lower + Nfar upper . NTV:

By symmetry, it su¢ ces to consider Nfar lower, and since the form Hfar lower (f; g)
is controlled by the Intertwining Proposition 4.2, we have

Nfar lower + Nfar upper . NTV;

which completes the proof of the Iterated Corona Proposition 1.11.

5. Decomposing the functions

We apply three di¤erent corona decompositions in succession to the function
f 2 L2 (�), gaining structure with each application; �rst to bounded �uctuation for
f , then to minimal bounded �uctuation for f , and �nally to regularizing the weight
�. The same is done for g 2 L2 (!). Finally, we combine these decompositions for
f and g into a triple parallel corona decomposition to which the Iterated Corona
Proposition 1.11 and the Intertwining Proposition 4.4 apply.

5.1. Bounded �uctuation. The connection between bounded �uctuation and the
corona projections P�C�F f in the CZ decomposition of f is given in Lemma 5.2 below.
We need the following de�nition. Given 
 > 1, an interval K 2 D� and a function
f supported on K, we say that f is a 
-simple function of bounded �uctuation
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on K, written f 2 SBF (
)� (K), if there is a pairwise disjoint collection K of D�-
subintervals of K such that

f =
X
K02K

aK01K0 ;

aK0 > 
; K 0 2 K;
1

jIj�

Z
I

f� � 1; I 2 bK;
where bK = fI 2 D� : I � K and I % K 0 for some K 0 2 Kg :
Using the facts that 1

jIj�

R
I
jf j� � 1 for I 2 bK and 1

jIj�

R
I
jf j� > 
 for I 2 K, it

is easy to see that the collection K is uniquely determined by the simple function
f of bounded �uctuation, so we will typically write Kf for this collection when
f 2 SBF (
)� (K). Note that functions in SBF (
)� (K), unlike those in BF (
)� (K),
do not have vanishing mean.

Remark 5.1. There is a more general notion of simple function of bounded �uctua-
tion on K, that permits f to take on both positive and negative values, namely we say
that f 2 GBF (
)� (K) if we only require jaK0 j > 
 for K 0 2 K and 1

jIj�

R
I
jf j� � 1

for I 2 bK along with the other restrictions. However, every function in GBF (
)� (K)

can be written as the di¤erence of two functions in SBF (
)� (K), and it will be a key
point in the proof of Proposition 5.8 that all the values of such f can take a single
sign.

Lemma 5.2. Suppose that F is a stopping collection for f 2 L2 (�) with Calderón-
Zygmund stopping constant C0 � 4. Given 
 > 1, there is for each F 2 F a
decomposition,

P�CF f =
�
P�CF f

�
1
+
�
P�CF f

�
2
;(5.3) ���� 1

(C0
 + 
 + 1)E�F jf j
�
P�CF f

�
1

���� � 1F ;

1

(C0 + 1)E�F jf j
�
P�CF f

�
2

2 GBF (
)� (F ) :

In particular, we have

P�CF f = (C0
 + 
 + 1) (E�F jf j) h0 + (C0 + 1) (E�F jf j) h1;
hi 2 BF (
)� (F ) ; i = 1; 2:

Proof. To obtain (5.3), �x F 2 F for the moment, and write

P�CF f = 1 bFP�CF f + 1 eFP�CF f;
where bF � F n eF and eF � [

F 02C(F )

F 0:

Then if x 2 bF we have

P�C(F )f (x) =
X
I2CF

4�
I f (x) = E�K(x)f � E�F f;
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where K (x) is the smallest child of any interval in the corona CF that contains x.
Thus

(5.4)
��P�CF f (x) 1 bF (x)�� = ���E�K(x)f � E�F f ��� 1 bF (x) � (C0 + 1) E�F jf j 1 bF (x) ;

where C0 is the Calderón-Zygmund stopping constant, and

1 eFP�CF f = X
F 02C(F )

(E�F 0f � E�F f) 1F 0 :

Now let

Cbig (F ) = fF 0 2 C (F ) : jE�F 0f � E�F f j > (C0
 + 
 + 1)E�F jf jg ;

set Csmall (F ) = C (F ) n Cbig (F ), and then de�ne�
P�CF f

�
1
= 1 bFP�CF f (x) + X

F 02Csmall(F )

(E�F 0f � E�F f) 1F 0 ;

�
P�CF f

�
2
=

X
F 02Cbig(F )

(E�F 0f � E�F f) 1F 0 ;

to obtain the decomposition (5.3).
Indeed, from (5.4) and the de�nition of Csmall (F ) we have

���P�CF f�1�� � max

(

P�CF f (x) 1 bF (x)

L1(�) ; sup
F 02Csmall(F )

jE�F 0f � E�F f j
)

� (C0
 + 
 + 1)E�F jf j :

To see that 1
(C0+1)E�F jf j

�
P�CF f

�
2
2 GBF� (F ), take I � F such that I % F 0 for

some F 0 2 Cbig (F ). Then we have

1

jIj�

Z
I

���P�CF f�2��� =
1

jIj�

Z
I

������
X

F 02Cbig(F ): F 0�I

(E�F 0f � E�F f) 1F 0

�������
� E�F jf j+

1

jIj�

Z
I

0@ X
F 02Cbig(F ): F 0�I

(E�F 0 jf j) 1F 0

1A�

� E�F jf j+
1

jIj�

Z
I

jf j�

� E�F jf j+
1

jIj�
C0E�F jf j jIj� � (C0 + 1)E

�
F jf j ;

where C0 is the Calderón-Zygmund stopping constant. On the other hand, for
F 0 2 Cbig (F ), we have

1

jF 0j�

Z
F 0

���P�CF f�2��� = jE�F 0f � E�F f j > (C0
 + 
 + 1)E�F jf j � E�F jf j

= (C0 + 1) (E�F jf j) 
:

�
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5.2. Minimal bounded �uctuation. In order to continue the proof of Theorem
1, we must make a crucial decomposition of functions f 2 BF� (K) into bounded
functions and functions of minimal bounded �uctuation, the latter functions having
a great deal of additional structure owing to their minimal Haar support. We will
present the decomposition in three stages, �rst to bounded and simple functions of
bounded �uctuation, then to bounded and prebounded and pre�uctuation functions,
and �nally to bounded and functions of minimal bounded �uctuation.
We begin by recalling from De�nition 2.1 that f 2 BF� (K) if it is supported

in K with mean zero, and equals a constant aK0 of modulus greater than 
 on any
subinterval K 0 where E�K0 jf j > 1. If we require in addition that

aK0 > 
; K 0 2 Kf ;

then we denote the resulting collection of functions by PBF (
)� (K). Recall also that
SBF (
)� (K) consists of those functions f 2 PBF� (K) for which f =

P
K02Kf

aK01K0 .
We have the following simple decomposition.

Lemma 5.5. Suppose that f 2 BF (
)� (K). Then we can write

f = hbdd + h
+
fluc � h

�
fluc;

where hbdd 2 (L1K )1 (�) and h
�
fluc 2 SBF

(
)
� (K).

Proof. We simply de�ne

h+fluc �
X

K02Kf : aK0>


aK01K0 ;

h�fluc �
X

K02Kf : aK0<


aK01K0 ;

hbdd � f1
Kn

[
K02Kf

K0
:

�

We now prepare to give our main proposition on decomposing a function of
bounded �uctuation into a sum of bounded and minimal bounded �uctuation func-
tions, which we refer to as restricted bounded �uctuation functions. We set

L1F (�) �
�
f 2 L1 (�) : supp f � F and

Z
K

fd� = 0

�
;

L1F (�)1 �
n
f 2 L1F (�) : kfkL1(�) � 1

o
:

De�nition 5.6. De�ne the set of functions RBF (
)� (F ) of restricted bounded �uc-
tuation on F by

RBF (
)� (F ) �MBF (
)� (F ) + L1F (�)1 :

Next, we record a decomposition of f into prebounded and pre�uctuation func-
tions in part (1) of the proposition.

De�nition 5.7. Let 
 � 4. A function f supported on an interval K 2 D is a
prebounded function on K if

k4�
I fk1 � 4; for all I 2 D:
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A function f supported on an interval K 2 D is a pre�uctuation+ function on K,
respectively a pre�uctuation� function on K, (relative to 
) if

sup
I
4�
I f > 
 and E�I j4�

I f j � 2; for all I such that bf (I) 6= 0;
respectively

inf
I
4�
I f

+
fluc < �
 and E

�
I j4�

I f j � 2; for all I such that bf (I) 6= 0:
The point of these de�nitions is that the following properties hold: the Calderón-

Zygmund decomposition of a prebounded function has corona projections that are
bounded, and the Calderón-Zygmund decomposition of a pre�uctuation function has
corona projections that are of restricted bounded �uctuation. In general, neither of
these properties hold for Calderón-Zygmund corona projections of general functions
when the measure � is nondoubling.
Finally, we note that our decomposition below is in�nite, and necessarily so by

the example in the appendix.

Proposition 5.8. Suppose that f 2 BF (
)� (K) as in De�nition 2.1 with 
 � 16.
(1) There is a decomposition

(5.9) f = fbdd + f
+
fluc � f

�
fluc;

of f into prebounded and pre�uctuation� functions fbdd; f
+
fluc; f

�
fluc on K,

i.e.

k4�
I fbddk1 � 4; I 2 D;

sup
I
4�
I f

+
fluc > 
 and E�I

���4�
I f

+
fluc

��� � 2; [f+fluc (I) 6= 0;

inf
I
4�
I f

�
fluc < �
 and E�I

���4�
I f

�
fluc

��� � 2; [f�fluc (I) 6= 0:

(2) There are collections of stopping data for fbdd and f�fluc, with stopping
times S and T �, and corona projections fbdd;S � P�CSfbdd and f

�
fluc;T �

P�CT�
f�fluc, that satisfy Carleson conditionsX

S0�S
jS0j� � 4 jSj� ; S 2 S;X

T 0�T
jT 0j� � 4 jT j� ; T 2 T �;

and a quasi-orthogonal decomposition

f = fbdd + f
+
fluc � f

�
fluc;(5.10)

=
X
S2S

fbdd;S +
X
T2T +

f+fluc;T �
X
T2T �

f�fluc;T ;

kfk2L2(�) �
X
S2S

kfbdd;Sk2L2(�) +
X
T2T +




f+fluc;T


2
L2(�)

+
X
T2T �




f�fluc;T


2
L2(�)

;
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such that for all S 2 S and T 2 T �,



 1

5E�S jfbddj
fbdd;S






L1(S)

� 1;(5.11)

1

30E�T
���f�fluc���f�fluc;T 2 RBF(

1
2 )
� (T ) :

Note that we do not assert any control on the averages E�K jfbddj and E�K
���f�fluc���

in Proposition 5.8. The quasi-orthogonality in (5.10) is, together with (5.11) and
the Carleson conditions, su¢ cient to adequately control the L2 (�) norm of f .

Proof. We begin by applying Lemma 5.5 to obtain a splitting

f = hbdd + h
+
fluc � h

�
fluc;

where khbddk1 � 1 and h�fluc 2 SBF
(
)
� (K). If we write

h�fluc =
�
E�Kh

�
fluc

�
1K + g

�
fluc;

then g�fluc 2 PBF
( 
�12 )
� (K) provided 
 > 1 is chosen large enough. Fix a sign �

and for convenience write g = g�fluc momentarily. Since
R
K
g� = 0 and g is constant

on each K 0 2 Kg, we have

supp bg � cKg � fI � K : I 6� K 0 for any K 0 2 Kgg :

Now we split cKg into two pairwise disjoint subsets:
cKg =

�
I 2 cKg : k4�

I gk1 � 
 � 1
2

� �[�
I 2 cKg : sup

I
4�
I g >


 � 1
2

�
� cKg (bounded) �[cKg (positive) :

If we write Ismall and Ilarge for the two children of I where jIsmallj� � jIlargej�,
then we have

(5.12) 4�
I g =

�
E�Ismall

g � E�I g
�
1Ismall

+
�
E�Ilargeg � E

�
I g
�
1Ilarge ;

where
E�I jgj � 1 and E�Ilarge jgj � 1 for I 2 cKg;

since g 2 BF(

�1
2 )

� (K). It follows that if k4�
I gk1 � 
�1

2 , then in fact we have the
better bound k4�

I gk1 � 2, so that

(5.13) k4�
I gk1 � 2; I 2 cKg (bounded) :

It also follows that if I belongs to cKg (positive), then

 � 3
2

<
��E�Ismall

g
�� � E�Ismall

jgj � jIj�
jIsmallj�

E�I jgj �
jIj�

jIsmallj�
;

which shows that Ismall 2 Kg, i.e. I 2 �Kg, and in addition that

jIsmallj� <
2


 � 3 jIj� :
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Now recalling that g = g�fluc, we de�ne

f�bdd =
X

I2 \K
g
�
fluc

(bounded)

4�
I g

�
fluc;

f�fluc =
X

I2 \K
g
�
fluc

(positive)

4�
I g

�
fluc;

fbdd = hbdd +
�
E�Kh

+
fluc

�
1K �

�
E�Kh

�
fluc

�
1K + f

+
bdd � f

�
bdd;

and note that so far we have shown

k4�
I fbddk1 �




4�
I

h
hbdd +

�
E�Kh

+
fluc

�
1K �

�
E�Kh

�
fluc

�
1K

i



1

(5.14)

+


4�

I

�
f+bdd � f

�
bdd

�


1

� 6 + 4 = 10; I 2 D;

supp [f�fluc = \Kg�fluc (positive) = �Kg�fluc ;

for 
 > 1 large enough. This establishes (5.9).
Now we apply a standard Calderón-Zygmund decomposition to fbdd to obtain

stopping times S with top interval S0 = K and

Child (S0) �
�
S 2 D : S � S0 = K is maximal w.r.t. E�S jfbddj > 4E�S0 jfbddj

	
;

Child (S) � fS0 2 D : S0 � S is maximal w.r.t. E�S0 jfbddj > 4E�S jfbddjg :
We then have

fbdd =
X
S2S

P�CSfbdd:

Now comes the �rst crucial point. The functions P�CSfbdd are bounded by 5E
�
S jfbddj

if S 2 S. Indeed, with the notation eS � [
S02Child(S)

S0 and bS � S n eS, we have for
S 6= S0,

P�CSfbdd

1 � max

�

1bSP�CSfbdd

1 ;


1eSP�CSfbdd

1	

� max

(
4E�S jfbddj ; sup

S02Child(S)
jE�S0fbdd � E�Sfbddj

)
� 5E�S jfbddj ;

since (5.12) and (5.13) give

jE�S0fbddj � k4�
�S0fbddk1 + jE��S0fbddj � 1 + 4E�S jfbddj :

This completes the proof of the �rst half of (5.11).
Now we turn to the function f+fluc and apply a standard Calderón-Zygmund

decomposition to f+fluc and obtain stopping times T + and coronas fCT gT2T + with
top stopping interval T0 = K such that

f+fluc =
X
T2T +

P�CT f
+
fluc:

Let T 2 T + and let ChildT + (T ) be the collection of T +-children T 0 of T . We set

C�T �
n
I 2 CT : [f+fluc (I) 6= 0

o
= CT \ �Kg+fluc ;
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and denote by
Cg+fluc

(T ) � Kg+fluc \ ChildT + (T ) ;

those T +-children T 0 2 ChildT + (T ) belonging to Kg+fluc . Now set

C
(�)

g+fluc
(T ) �

n
T 0 2 Cg+fluc (T ) : E

�
T 0 4�

�T 0 f > (� + 5)E�T
���f+fluc���o

and de�ne
 1T �

X
T 02C(�)

g
+
fluc

(T )

4�
�T 0f

to be the Haar projection of f onto �C(�)
g+fluc

(T ). To orient the reader, we point

out that there are four pairwise disjoint classes of intervals K 0 in Kg+fluc that are
subsets of T :

ClassT (1) �
n
K 0 2 Kg+fluc : K

0 2 CT
o
;

ClassT (2) � Cg+fluc
(T ) n C(�)

g+fluc
(T ) ;

ClassT (3) � C
(�)

g+fluc
(T ) ;

ClassT (4) �
n
K 0 2 Kg+fluc : K

0 $ T 0 for some T 0 2 ChildT + (T )
o
:

For those K 0 2 ClassT (1), we have

(5.15)
���E�K0

�
P�CT f

+
fluc

���� = ���E�K0f+fluc � E
�
T f

+
fluc

��� � 5E�T ���f+fluc��� ;
and for those K 0 2 ClassT (2), we have���E�K0

�
P�CT f

+
fluc

���� � jE�K0 4�
�K0 f j+

���E��K0f+fluc � E
�
T f

+
fluc

���(5.16)

� (� + 5)E�T
���f+fluc���+ 5E�T ���f+fluc��� :

When K 0 2 ClassT (4), the Haar projections 4�
�T 0f are not included in the Haar

support of P�CT f
+
fluc. Thus it is the K

0 2 ClassT (3) = C(�)g+fluc
(T ) that can arise as

the distinguished intervals for a restricted bounded �uctuation function, and this
is what motivates the de�nition of  1T above.
Suppose I is an interval in the dyadic grid D� that is not contained in any K 0

in ClassT (1) [ Cg+fluc (T ). We �rst note that

E�I
���f+fluc��� � 4E�T ���f+fluc��� :

Indeed, let L be the smallest interval in the corona CT that contains I. From our
choice of I, it follows that either I = L 2 CT and

E�I
���f+fluc��� = E�L ���f+fluc��� � 4E�T ���f+fluc��� ;

or the child LI of L that contains I is also in the corona CT and

E�I
���f+fluc��� = E�LI ���f+fluc��� � 4E�T ���f+fluc��� :

Set L� = L or LI according to whether or not I 2 CT , and note that E�I
�� 1T �� =

E�L�
�� 1T ��.
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Now comes the second crucial point. The de�nition of f+fluc implies the inequal-
ities

E�K0 4�
�K0 f >


 � 1
2

and E��K0 4�
�K0 f < 0;

as 4�
�K0f has mean zero. Thus the expectations E�L�4�

�K0 f all have the same sign
when L� � �K 0, and we conclude from our choice of I that

E�I
�� 1T �� = E�L�

������
X

T 02T +
T : L

���T 0
4�
�T 0f

������ =
������

X
T 02T +

T : L
���T 0

E�L� 4�
�T 0 f

������
�

�������
X

K02ClassT (1)[Cg+
fluc

(T ): L���K0

E�L� 4�
�K0 f

�������
=

���E�L�P�CT f+fluc��� = ���E�L�f+fluc � E�T f+fluc��� � 5E�T ���f+fluc��� :
Moreover, for K 0 2 ClassT (1) [ ClassT (2), we showed in (5.15) and (5.16) above
that ���E�K0

�
P�CT f

+
fluc

���� � (� + 10)E�T ���f+fluc��� :
Finally, for K 0 2 ClassT (3) � C(�)g+fluc

(T ), we have

E�K0

�� 1T �� = E�K0

���������
X

T 02C(�)
g
+
fluc

(T )

4�
�T 0f

��������� =
����������E

�
K0 (4�

�K0f) +
X

T 02C(�)
g
+
fluc

(T ): K0��T 0

4�
�T 0f

���������
� jE�K0 (4�

�K0f)j �

���������
X

T 02C(�)
g
+
fluc

(T ): K0��T 0

4�
�T 0f

���������
> (� + 5)E�T

���f+fluc���� 5E�T ���f+fluc��� = �E�T
���f+fluc��� :

It follows that 1

(�+10)E�T jf+flucj
 1T 2MBF(

�
�+10 )
� (T ), and the choice � = 20 gives

1

30E�T
���f+fluc��� 1T 2MBF(

1
2 )
� (T ) :

Now we de�ne

 0T = P
�
CT f

+
fluc �  

1
T =

X
K02ClassT (1)[ClassT (2)

4�
�K0f;

and note that by the above arguments we have

 0T

1 � (� + 10)E�T
���f+fluc��� = 30E�T ���f+fluc��� ;
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with the choice � = 20. Thus we have

1

30E�T
���f+fluc���f+fluc;T =

1

30E�T
���f+fluc���P�CT+ f+fluc

=
1

30E�T
���f+fluc��� 0T +

1

30E�T
���f+fluc��� 1T

2 L1T (�)1 +MBF(
1
2 )
� (T ) = RBF(

1
2 )
� (T ) ;

which proves the second half of (5.11), and this completes the proof of Proposition
5.8. �

The following lemma is also needed in the sequel.

Lemma 5.17. Suppose that CT is a connected grid with top interval T � F . If f
lies in BF (
)� (F ) (respectively RBF (
)� (F )) with 
 > 0, then the Haar projection
1
2P

�
CT f of

1
2f lies in BF

( 
2 )
� (F ) (respectively RBF(



2 )

� (T )). If CT is an arbitrary

grid with top interval T � F , and f 2MBF (
)� (F ), then 1
2P

�
CT f 2MBF(



2 )

� (T ).

Proof. We prove the assertion forRBF (
)� (F ), and leave the similar case of BF (
)� (F )

to the reader. We may assume that either f 2MBF (
)� (F ) or f 2 (L1F )1 (�). Let
F be the connected hull of the Haar support of f (i.e. the smallest connected grid
containing the Haar support of f). In the case that f 2MBF (
)� (F ), let Kf be the
intervals on which f takes a large constant value, while in the case f 2 (L1F )1 (�),
let Kf = ;. The function P�CT f is supported in T , and will have constant value
greater than 
 on any interval F 0 2 Kf whose parent �F 0 lies in CT . Otherwise,
if x 2 T does not lie in such an F 0, denote by I1 (x) the smallest interval I in the
connected tree F \ CT that contains x, and denote by I2 (x) the largest interval in
the connected tree F \CT that contains x. Then if eI1 (x) denotes the child of I1 (x)
containing x, it is not one of the F 0 2 Kf , and so we have��P�CT f (x)�� =

����� X
I2F\CT

4�
I f (x)

����� = ���E�eI1(x)f (x)� E�I2(x)f (x)���
� E�eI1(x) jf j+ E�I2(x) jf j � 2:

We conclude that 1
2P

�
CT f 2 MBF(



2 )

� (T ) or (L1T )1 (�). The �nal assertion for

f 2 MBF (
)� (F ) follows from the inequality E��K0 4�
�K0 f < 0, K 0 2 Kf , itself a

consequence of E�K0 4�
�K0 f >


�1
2 and the fact that 4�

�K0f has mean zero. �

One �nal observation is in store here, namely that we can always assume 
 is as
large as we wish in RBF (
)� (T ) at the expense of dividing by a constant C
 .

Lemma 5.18. We have RBF (�)� (T ) � 1
4(
+1)RBF

(
)
� (T ) for 0 < � < 
 <1.

Proof. Let f 2 RBF (�)� (T ) with f = g + h; g 2 (L1T )1 (�) and h 2 MBF (�)� (T ).
Then set

hbdd =
X

K02Kh: E�K0g�2

4�
�K0h and hfluc =

X
K02Kh: E�K0g>2


4�
�K0h;
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to obtain 1
2(
+1)hbdd 2 (L

1
T )1 (�) and

1
2hfluc 2 MBF (
)� (T ). Then 1

4(
+1)f equals
1

4(
+1) (g + hbdd) plus
1

4(
+1)hfluc, which is in RBF
(
)
� (T ). �

5.3. The energy corona and stopping form. In order to proceed with interval
size splitting we must �rst impose an energy corona decomposition as in [NTV4]
and [LaSaUr]. Recall the energy E (I; !) of a measure ! on a dyadic interval I is
given by

E (I; !)2 =
1

jIj!

Z
I

�
x� E!I x
jIj

�2
d! (x) =

1

jIj!

X
J�I

����� x

jIj ; h
!
J

�
!

����2 ;
where the second equality follows from the fact that the Haar functions fh!JgJ�I
form an orthonormal basis of

�
f 2 L2 (!) : suppf � I and

R
fd! = 0

	
. Recall also

that J b I means J � I, jJ j � 2�r jIj and that J is good - see Remark 3.26.

De�nition 5.19. Given an interval S0, de�ne S (S0) to be the maximal subintervals
I � S0 such that there is a partition J (I) of I into good subintervals J b I with

(5.20)
X

J2J (I)

jJ j! E (J; !)
2 P (J;1S0�)

2 � 10E2 jIj� ;

where E is the constant in the energy conditionX
I�

�[
i
Ii

jIij! E (Ii; !)
2 P (Ii;1I�)

2 � E2 jIj� :

Then de�ne the �-energy stopping intervals of S0 to be the collection S =
1[
n=0

Sn

where S0 = S (S0) and Sn+1 =
[
S2Sn

S (S) for n � 0.

From the energy condition we obtain the �-Carleson estimate

(5.21)
X

S2S: S�I
jSj� � 2 jIj� ; I 2 D�:

We emphasize that this collection of stopping times depends only on S0 and the
weight pair (�; !), and not on any functions at hand. There is also a dual de�nition
of energy stopping times T that satis�es an !-Carleson estimate

(5.22)
X

T2T : T�J
jT j! � 2 jJ j! ; J 2 D!:

Finally, we record the reason for introducing energy stopping times. If

(5.23) X (CS)2 � sup
I2CS

1

jIj�
sup

partitions J (I) of I

X
J2J (I)

jJ j! E (J; !)
2 P (J;1S�)

2

is (the square of) the stopping energy of the weight pair (�; !) with respect to the
corona CS , then we have the stopping energy bounds
(5.24) X (CS) �

p
10E; S 2 S:

Later we will introduce re�nements of the stopping energy that depend as well on
the Haar supports of the functions f 2 L2 (�) and g 2 L2 (!) at hand.
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5.4. The parallel triple corona decomposition. Here is our triple corona de-
composition of f 2 L2 (�). We �rst apply the Calderón-Zygmund corona decom-
position to the function f 2 L2 (�) obtain

f =
X
F2F

P�C�F f:

Then we apply part (1) of Proposition 5.8 to write

P�C�F f =
�
P�C�F f

�
bdd
+
�
P�C�F f

�+
fluc

+
�
P�C�F f

��
fluc

;

where 1
E�F jf j

�
P�C�F

f
�
bdd

is a prebounded function on F and 1
E�F jf j

�
P�C�F

f
��
fluc

is a

pre�uctuation� function on F . So as not to further clutter notation we will drop this
distinction, and simply write P�C�F f with the understanding that P

�
C�F
f represents

E�F jf j times either a prebounded or pre�uctuation function on F .
We then iterate with a second Calderón-Zygmund corona decomposition as in

part (2) of Proposition 5.8, and use Lemma 5.18 to ensure that the minimal bounded
�uctuation functions have 
 large. Lemma 1.12 on iterating coronas then gives us
stopping times K = K (F) and stopping data �K(F) (K) for f , along with the double
corona decomposition

(5.25) f =
X
F2F

P�C�F f =
X

K2K(F)

P�C�Kf:

Keeping in mind our understanding regarding P�C�F f above, we have the following
estimate for P�C�Kf where we de�ne FK 2 F to be the unique stopping interval in
F for which K 2 C�F (recall we have arranged for 
 to be large at the expense of
increasing the constant C
 below).

Lemma 5.26. For K 2 K (F) and FK such that K 2 C�FK , we have
1

C


�
E�K

���P�C�FK f ����P
�
C�Kf 2 RBF

(
)
� (K) :

Proof. Let F = FK . By Lemma 5.2, we have

(5.27) h � 1

(C0
 + 
 + 1)E�F jf j
P�C�F f 2 BF

(
)
� (F ) ;

and then by Proposition 5.8 and Lemma 5.18, we conclude
1

5E�K
���P�C�F f ���P

�
C�KP

�
C�F f =

1

5E�K jhj
P�C�Kh

2 RBF(
1
2 )
� (K) � 4 (
 + 1)RBF (
)� (K) :

�
We then �nish our triple corona decomposition of f in (5.25) as follows. For

each �xed K 2 K (F), construct the energy corona decomposition fC�SgS2S(K)
corresponding to the weight pair (�; !) with top interval S0 = K, as given in
De�nition 5.19. Recall from Lemma 5.26 that

hK �
1

C


�
E�K

���P�C�FK f ����P
�
C�Kf 2 RBF

(
)
� (K) :
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We now modify S (K) by adding the intervals K 0 2 KhK to S (K) and removing
from S (K) all the intervals S that are strictly contained in some K 0 2 KhK . We
denote this modi�ed collection by S 0 (K). Of course, if hK 2 (L1K )1 (�), then
KhK = ; and no modi�cation is made, so that S 0 (K) = S (K).
We then de�ne stopping data

�
�S0(K) (S)

	
S2S0(K) for the function PC�Kf relative

to the modi�ed stopping times S 0 (K) as follows. For K 2 K (F) de�ne

�S0(K) (S) =

�
2�K (K) for S 2 S 0 (K) n KhK
�K (K

0) for S 2 KhK
:

Then properties (2) and (4) of De�nition 1.8 are immediate. Property (1) follows
since if I 2 CKK , then

E�I
���PCKKf ��� � 2E�I ���PCFFK f ��� � 2�F (FK) � 2�K (K) :

Property (3) follows because (5.21) gives

X
S2S0(K)

�S0(K) (S)
2 jSj� .

Z 0@ X
S2S0(K)nKhK

�S0(K) (S)1S

1A2

d� +

Z 0@ X
S2KhK

�S0(K) (S)1S

1A2

d�

=
X

S;S02S(K)nKhK

4�K (K)
2 jS \ S0j� +

X
K02KhK

�K (K
0)
2 jK 0j�

� 8�K (K)
2
X

S2S(K)

X
S02S(K)
S0�S

jS \ S0j� +
X

K02KhK

�K (K
0)
2 jK 0j�

� 16�K (K)
2
X

S2S(K)

jSj� +
X

K02KhK

�K (K
0)
2 jK 0j�

� 16�K (K)
2 jKj� +

X
K02KhK

�K (K
0)
2 jK 0j� .




PCKKf


2L2(�) :
At this point we write S (K) in place of S 0 (K) and apply Lemma 1.12 to obtain

iterated stopping times S (K (F)) and iterated stopping data
�
�S(K(F)) (S)

	
S2S(K(F)).

This gives us the following triple corona decomposition of f ,

f =
X
F2F

P�C�F f =
X
F2F

X
K2K(F )

P�C�KP
�
C�F f =

X
F2F

X
K2K(F )

X
S2S(K)

P�C�SP
�
C�KP

�
C�F f(5.28)

=
X

K2K(F)

X
S2S(K)

P�C�S\C�Kf =
X

S2S(K(F))

P�C�Sf;

as well as a corresponding triple corona decomposition of g,

g =
X
G2G

P!C!Gg =
X
G2G

X
L2L(G)

P!C!LP
!
C!Gg =

X
G2G

X
L2L(G)

X
T2T (L)

P!C!TP
!
C!LP

!
C!Gg(5.29)

=
X

L2L(G)

X
T2T (L)

P!C!T\C!Lg =
X

T2T (L(G))

P!C!T g:

We emphasize that the energy coronas S and T are independent of each other, in
contrast to the usual constructions in [NTV4] and [LaSaUr], where T is derived
from S. Using Lemma 5.17, we have the following extension of Lemma 5.26.
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Lemma 5.30. For S 2 S (K (F)) and T 2 T (L (G)), and with corresponding K;F
and L;G as above, we have

1

C


�
E�K

���P�C�FK f ����P
�
C�S\C�Kf 2 RBF (
)� (S) ;

1

C


�
E!L
���P!C!GL g����P

!
C!T\C!Lg 2 RBF (
)! (T ) :

Now we apply the parallel corona decomposition as in (1.7) corresponding to the
triple corona decompositions (5.28) and (5.29). We obtain

hH�f; gi! =
X
F2F

X
K2K

X
S2S

X
G2G

X
L2L

X
T2T

D
H�

�
P�C�SP

�
C�KP

�
C�F f

�
;P!C!TP

!
C!LP

!
C!Gg
E
!

=
X

K2K(F)

X
S2S

X
L2L(G)

X
T2T

D
H�P

�
C�S\C�Kf;P

!
C!T\C!Lg

E
!

�
X
A2A

X
B2B

D
H�

�
P�C�Af

�
;P!C!Bg

E
!

= Hnear (f; g) + Hdisjoint (f; g) + Hfar (f; g) ;

where
A � S (K (F)) and B � T (L (G))

are the triple stopping collections for f and g respectively. We are relabeling the
triple coronas as A and B here so as to minimize confusion when we apply the
various di¤erent estimates associated with each of the three corona decompositions
of f and g. We now record the two main facts proved above.

Lemma 5.31. The data A and f�A (A)gA2A satisfy properties (1), (2), (3) and
(4) in De�nition 1.8, and similarly for the data B and f�B (B)gB2B. Moreover, we
have the estimates

1

C
�A (A)
P�C�Af 2 RBF (
)� (A) ;

1

C
�B (B)
P!C!Bg 2 RBF (
)! (B) ;

where the constant C
 depends only on 
 > 0, which can be taken as large as we
wish.

Thus we can apply the Iterated Corona Proposition 1.11 to the parallel triple
corona decomposition (1.7):

hH�f; gi! = Hnear (f; g) + Hdisjoint (f; g) + Hfar (f; g) :

The result is that

jHfar (f; g)j . (NTV) kfkL2(�) kgkL2(!) :

Moreover, Lemma 3.1 implies

jHdisjoint (f; g)j . (NTV) kfkL2(�) kgkL2(!) ;

and so it remains to deal only with the near form Hnear (f; g).



HILBERT TRANSFORM, TWO WEIGHTS 59

We �rst further decompose Hnear (f; g) into lower and upper parts:

Hnear (f; g) =

8>><>>:
X

(A;B)2Near(A�B)
B�A

+
X

(A;B)2Near(A�B)
A�B

9>>=>>;
Z
H�

�
P�CAf

� �
P!CBg

�
!

= Hnear lower (f; g) + Hnear upper (f; g) ;

Hnear lower (f; g) =
X
A2A

D
H�P

�
C�Af;Q

!eC!Ag
E
!
;

Q!eC!A �
X
J2eCA

4!
J where eC!A � [

B2B: B�A
(A;B)2Near(A�B)

C!B :

Thus we have that Q!eCA =
P

B2B: B�A
(A;B)2Near(A�B)

P!CB is the projection onto all of the

coronas C!B for which B is �near and below�A. By symmetry, it su¢ ces to consider
the lower near form Hnear lower (f; g).

5.4.1. Reduction to restricted bounded �uctuation. By Lemma 5.17, the function
P�C�A

f is an appropriate multiple of a function in RBF (
)� (A). More precisely, if
A = S 2 S (K (F)) and KS is the unique interval K 2 K (F) satisfying S 2 S (K),
then P�C�Af = P

�
C�S\C�KS

f and

fS �
1

C


�
E�KS

����P�C�FKS

f

�����P
�
C�S\C�KS

f 2 RBF (
)� (S) :

By the de�nition of RBF (
)� (S), we can write

P�C�S\C�KS

f = 'S +  S

where

(5.32)
1

C


�
E�K

����P�C�FKS

f

�����'S 2 (L
1
S )1 (�) ;

and

(5.33)
1

C


�
E�K

����P�C�FKS

f

����� S 2MBF (
)� (S) :

We now apply, and for the only time in this paper, the �rst of the indica-
tor/interval testing conditions in (1.3) to obtain���DH�'S ;Q

!eC!S g
E
!

��� � Tind5�E�K ����P�C�FKS

f

�����qjSj� 


Q!eC!S g


L2(!) :
If we can also show that
(5.34)���DH� S ;Q

!eC!S g
E
!

��� . NTV�k SkL2(�) + 5�E�K ����P�C�FKS

f

�����qjSj��


Q!eC!S g


L2(!) ;
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it then follows that���DH�P
�
C�Af;Q

!eC!Ag
E
!

��� = ���DH�P
�
C�S\C�KS

f;Q!eC!Ag
E
!

���
. NTVind

�


P�C�S\C�KS





L2(�)

+ 5

�
E�K

����P�C�FKS

f

�����qjSj��


Q!eC!S g


L2(!)
� NTVind

�


P�C�Af


L2(�) + �A (A)
q
jAj�

�


Q!eC!Ag


L2(!) ;
and hence that

jHnear lower (f; g)j �
X
A2A

���DH�P
�
C�Af;Q

!eC!Ag
E
!

���
. NTVind

 X
A2A

�


P�C�Af


2L2(�) + �A (A)2 jAj�
�! 1

2
 X
A2A




Q!eC!Ag


2L2(!)
! 1

2

. NTVind kfkL2(�) kgkL2(!) :
Thus we have proved the following reduction of the two weight inequality for the
Hilbert transform to testing restricted bounded �uctuation functions in (5.34).
In order to state the inequality precisely, we need two de�nitions. First, we

introduce a re�nement of the stopping energy in (5.23) that depends as well on
functions f and g.

De�nition 5.35. Given g 2 L2 (!), de�ne the g-energy Eg (J; !) of an interval J
by

Eg (J; !)
2 � EG (J; !)2 =

1

jJ j!

X
J02G

����� x

jJ j ; h
!
J0

�
!

����2 ;
where G is the Haar support of g and EG is de�ned in (3.7). For an interval I,
let Jg (I) consist of the maximal intervals J in G that satisfy J b I. Then given
f 2 L2S (�) and g 2 L2S (!), de�ne the stopping energy X

S (f; g) of the pair (f; g)
on S by

(5.36) XS (f; g)
2
= sup

I2F

1

jIj�

X
J2Jg(I)

jJ j! Eg (J; !)
2 P
�
J;1SnI�

�2
:

Second, we introduce a subspace eL2A (!) of L2A (!) that has a small amount
of structure relative to the interval A, and which will play a role in reducing to
stopping forms below.

De�nition 5.37. De�ne g 2 eL2A (!) if
g = Q!C!eAg =

X
B2B: B�A

P!C!Bg ; C!eA �
[

B2B: B�A
C!B ;

where the coronas fC!BgB2B: B�A are as above, satisfy an !-Carleson condition,
and

1

C


�
E!LT

����P!C!GLT g
�����P

!
C!T\C!LT

g 2 RBF (
)! (T ) ;

where B = T , P!C!Bg = P
!
C!T\C!LT

g.

Here is the reduction we have proved above.



HILBERT TRANSFORM, TWO WEIGHTS 61

Lemma 5.38. The two weight Hilbert transform inequality (1.1) is implied by the
following minimal bilinear inequality with best constant M, and its dual inequality
with best constant M�:

jhH�f; gi!j .M
�
kfkL2(�) +

q
jAj�

�
kgkL2(!) ;(5.39)

for f 2MBF (
)� (A) , g 2 eL2A (!) and XA (f; g) �
p
10C:

The occurrence of f 2 MBF (
)� (A) in (5.39) as a minimal bounded �uctuation
function is the best that can be hoped for regarding f . But we still have two
problems with g 2 eL2A (!): �rst, that g is an unbounded sum of restricted bounded
�uctuation functions; and second, that these summands are not minimal bounded
�uctuation, just restricted.

6. Interval size splitting

It remains to estimate hH�f; gi! in (5.39) for f 2 MBF (
)� (A) and g 2 eL2A (!).
For this we will �nally resort to the original interval size splitting of Nazarov, Treil
and Volberg. We will expand the functions f and g in their Haar decompositions
over I 2 D� and J 2 D! respectively, and then apply the NTV splitting according
to the relative length of the intervals, jJ j < jIj or jIj < jJ j. The key advantages we
have that permit this splitting to work in the current situation are that

(1) The function f lies inMBF (
)� (A), and the function g =
P

B2B: B�A P
!
C!B
g

lies in eL2A (!);
(2) We have a stopping energy bound,

(6.1) X (f; g) �
p
10E � CX .

p
A2 + T;

where X (f; g) is the stopping energy as de�ned in (5.36) below.
(3) There is also a dual stopping energy bound

(6.2) X 0 (fB ; gB) � CX .
p
A2 + T;

for the corona decomposition fC!BgB2B, where fB ; gB are de�ned below.
The boundedness of the form

BA (f; g) � hH�f; gi!
in (5.39) is implied by boundedness of each of the split forms Bb (f; g) and Bc (f; g)
introduced in [LaSaShUr],

BAb (f; g) =
X

(I;J)2(C�A\C
!eA)�C!eA

JbI

hH� 4�
I f;4!

Jgi! ;

BAc (f; g) =
X

(I;J)2(C�A\C
!eA)�C!eA

IbJ

h4�
I f;H! 4!

J gi� ;

where the presence of the superscript A in the forms BA (f; g), BAb (f; g) and
BAc (f; g) indicates that f and g are as in (5.39), and C!eA is de�ned in De�nition
5.37.
Now the function �on top�in the form BAb (f; g), namely f , has the special prop-

erty of belonging toMBF� (A). The function �on bottom�in the form, namely g,
lies in the broader space eL2A (!), so in particular in L2A (!), and the pair satis�es
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the stopping energy bound in (6.1). We say that such a form is of typeMBF=L2,
re�ecting the fact that the top function is MBF and the bottom function is L2.
However, the �top�function in the form BAc (f; g), namely g, fails to beMBF , rather
it is a sum of such, and so BAc (f; g) is not a form of typeMBF=L2. Before we can
proceed with an application of the NTV method, we must further reduce the bound-
edness of the form BAc (f; g) to that of simpler forms. Recall that g =

P
B�A P

!
C!B
g,

and write

BAc (f; g) =
X
B�A

X
(I;J)2(C�A\C

!eA)�C!eA
IbJ

D
4�
I f;H! 4!

J

�
P!C!Bg

�E
�
:

We claim that boundedness in (5.39), modulo (NT V) kfkL2(�) kgkL2(!), of the
form BAc is implied by boundedness in (5.39) of the local form

BAc; local (f; g) �
X
B�A

�B (B)B
A
c;B (fB ; gB) ;

BAc;B (fB ; gB) �
X

(I;J)2(C�A\C
!
B)�C

!
B

IbJ

h4�
I fB ;H! 4!

J gBi� ;

fB = P�C�A\C!Bf; gB =
1

�B (B)
P!C!Bg:

The key point here is that the di¤erence of the forms in question is given by
(6.3)
BAc (f; g)� BAc; local (f; g) =

X
B�A

X
(I;J)2(C�A\C

!eA)�C!B
IbB02CB(B)

h4�
I f;H! 4!

J gi� = Bmix (f; g) ;

and so the estimate for Bmix (f; g) in Proposition 4.2 applies to prove our claim.
Altogether we have shown that (5.39) will follow from the two inequalities,��BAb (f; g)�� .M�

kfkL2(�) +
q
jAj�

�
kgkL2(!) ;

for f 2MBF (
)� (A) , g 2 eL2A (!) and XA (f; g) �
p
10C;

and �����X
B�A

�B (B)B
A
c;B (fB ; gB)

����� .M
�
kfkL2(�) +

q
jAj�

�
kgkL2(!) ;

for f 2MBF (
)� (A) , g 2 eL2A (!) and XA (f; g) �
p
10C;

fB = P
�
C�A\C!Bf; gB =

1

�B (B)
P!C!Bg:

Moreover, the second inequality will follow from Cauchy-Schwarz and��BAc;B (fB ; gB)�� .M kfBkL2(�)
�
kgBkL2(!) +

q
jBj!

�
;

fB 2 MBF� (B) , gB 2 RBF! (B) , XB (f; g) �
p
10C and

�
XB

�0
(f; g) �

p
10C:

Now each form BAc;B (fB ; gB) has its �top�function gB =
1

�B(B)
P!C!B

g inRBF! (B),
and its �bottom�function fB = P�C�A\C!Bf inMBF� (B), and �nally the pair satis�es
the stopping energy bound in (6.2). We say that such a form is of typeRBF=MBF .
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Thus we have reduced matters to bounding forms of typeMBF=L2 andRBF=MBF .
Note that in both inequalities, the lower function has only its L2 norm appearing
on the right hand side, without the measure of its supporting set.

6.1. Reduction to stopping forms. Now the boundedness of Bb;B reduces to
boundedness of the three terms B1, B2 and B3 on page 11 of [LaSaShUr]. Here
the term B2 is controlled by the NTV constant NTV, term B1 is controlled by the
functional energy constant F, which by the Functional Energy Proposition 4.22 in
this paper is controlled by NTV, and �nally where the term B3 is the form,

B3 (f; g) �
X
I2F

X
J: JbI and IJ=Ibig

�
E�IJ 4

�
I f
�
hH�1IJ ;4!

Jgi! ;

where F is the Haar support of f . We are here considering the case IJ = Ibig,
because when IJ = Ismall, we can simply use that the IJ are pairwise disjoint.
Note that here f is, when appropriately normalized, a minimal bounded �uctuation
function on A, while g = P!C!eAg is in eL2A (!), and because of the restriction J b I

and IJ = Ibig, the function g lies �underneath�f .
In similar fashion, the boundedness of the form Bc;B reduces to

B03 (fB ; gB) �
X

J2G\C!B

X
I: IbJ and JI=Jbig

�
E!JI 4

!
J gB

� 

4�
I f

z
B ;H!1JI

�
�
;

where G is the Haar support of g. Note that here gB = P!C!Bg is, when appropriately
normalized, a restricted bounded �uctuation function on B, while fB = P�C�A\C!Bf is,
when appropriately normalized, a minimal bounded �uctuation function on B, and
because of the restriction I b J and JI = Jbig, the function fB lies �underneath�
gB .
We now use the �paraproduct�trick of NTV, namely that boundedness ofB3 (f; g)

is equivalent to boundedness of the stopping form

Bstop (f; g) �
X
I2F

X
J: JbI and IJ=Ibig

�
E�IJ 4

�
I f
� 


H�1SnIJ ;4!
Jg
�
!
;

and similarly, that boundedness of B03 (fB ; gB) is equivalent to boundedness of the
stopping form B0stop (fB ; gB). Thus we must bound the stopping form Bstop (f; g)

in two cases,MBF=L2 and RBF=MBF .
We emphasize that the Functional Energy condition de�ned in [LaSaShUr] uses

Calderón-Zygmund stopping intervals to separate pairs of intervals, and is conse-
quently identical to the Functional Energy condition (2.6) de�ned here.
The above considerations have reduced the two weight inequality (1.1) for the

Hilbert transform to the following two inequalities involving the highly nonlinear
form Bstop.

Lemma 6.4. The two weight Hilbert transform inequality (1.1) is implied by the

following nonlinear inequalities with best constants BMBF=L2
stop and BRBF=MBF

stop :

jBstop (f; g)j . BMBF=L2
stop

�
kfkL2(�) +

q
jAj�

�
kgkL2(!) ;(6.5)

for f 2MBF (
)� (A) , g 2 eL2A (!) and XA (f; g) �
p
10C;
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and

jBstop (f; g)j . B
RBF=MBF
stop

�
kfkL2(�) +

q
jAj�

�
kgkL2(!) ;(6.6)

for f 2 RBF (
)� (A) , g 2MBF (
)! (A) and XA (f; g) �
p
10C;

along with their �dual�formulations with best constantsBMBF=L2 �
stop andBRBF=MBF �

stop .

Note again that as observed above, the lower function g has only its L2 (!) norm
appearing on the right hand side. The �rst inequality (6.5) is taken up in the next
subsection. The second inequality then follows almost immediately, and is treated
in the �nal subsection.

6.2. Boundedness of the MBF=L2 stopping form. We show that BMBF=L2
stop

is controlled by the NTV constant NTV.

Proposition 6.7. Let � and ! be locally �nite positive Borel measures on the real
line R with no common point masses. Then

B
MBF=L2
stop . NTV:

Proof : Let F and G denote the Haar supports of f 2 MBF (
)� (A) and g 2eL2A (!) respectively. De�ne
P (f; g) � f(I; J) 2 F � G : J b I and IJ = Ibigg :

Then

Bstop (f; g) �
X
I2F

X
J: JbI and IJ=Ibig

�
E�IJ 4

�
I f
� 


H�1SnIJ ;4!
Jg
�
!

=
X

(I;J)2P(f;g)

�
E�IJ 4

�
I f
� 


H�1SnIJ ;4!
Jg
�
!
:

Given a subset P of P (f; g) we de�ne

BPstop (f; g) �
X

(I;J)2P

�
E�IJ 4

�
I f
� 


H�1SnIJ ;4!
Jg
�
!

and

size (P) � sup
I1: I1�A

0BB@ X
I: there is (I;J)2P

J�I1�I

E�IJ 4
�
I f

1CCA :

Clearly we have size (P) � 1 since f 2MBF (
)� (A).
Here is the main lemma.

Lemma 6.8. Given P � P (f; g), there are subsets Pbig and Psmall of P such that

P = Pbig
�
[ Psmall ;���BPbigstop (f; g)

��� . (NTV) size (P)
q
jAj� kgkL2(!) ;

size (Psmall) � 3

4
size (P) :
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This lemma proves Proposition 6.7 as follows. Apply Lemma 6.8 to P0 � P (f; g)
to obtain (P0)big and (P0)small. Then apply Lemma 6.8 to P1 � (P0)small to
obtain (P1)big and (P1)small. Continue by induction to de�ne Pm � (Pm�1)small
for m � 1. Then Lemma 6.8 gives

size (Pm) = size ((Pm�1)small) �
3

4
size (Pm�1)

� ::: �
�
3

4

�m
size (P0) �

�
3

4

�m
;

and so also ���B(Pm)bigstop (f; g)
��� . (NTV) size (Pm)

q
jAj� kgkL2(!)

. (NTV)

�
3

4

�m q
jAj� kgkL2(!) :

Since P (f; g) =
1[
m=1

(Pm)big, we thus have

jBstop (f; g)j =

�����
1X
m=1

B
(Pm)big
stop (f; g)

�����
.

1X
m=1

(NTV)

�
3

4

�m q
jAj� kgkL2(!)

. (NTV)
q
jAj� kgkL2(!) :

Proof. (of Lemma 6.8) The two key properties of f 2MBF (
)� (A) that we will use
are

E�IJ 4
�
I f � 0 and

X
I: J�I�A

E�IJ 4
�
I f � 1:

Consider those intervals I1 that are maximal subject to the condition,X
I: there is (I;J)2P

J�I1�I

E�IJ 4
�
I f �

3

4
size (P) ;

and choose one of them with maximum length. De�ne

R1 � f(I; J) 2 P : J � I1 � Ig ;
P1 � P n R1.

If I1; :::; Im�1 have been chosen, then consider those intervals Im that are maximal
subject to the condition, X

I: there is (I;J)2Pm�1
J�Im�I

E�IJ 4
�
I f �

3

4
size (Pm�1) ;

and choose one of them with maximum length. De�ne

Rm � f(I; J) 2 Pm�1 : J � Im � Ig ;
Pm � Pm�1nRm.
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It is easy to see that the collection of intervals fImg1m=1 is pairwise disjoint.
Indeed, this follows from the choice of parameter 3

4 in the maximal conditions.
Next, we de�ne

Psmall � P n
 1[
m=1

Rm

!
;

and we have the inequality

size (Psmall) �
3

4
size (P) :

Now we have

BRm
stop (f; g) =

X
(I;J)2Rm

�
E�IJ 4

�
I f
� 


H�1SnIJ ;4!
Jg
�
!

�
 X
I: Im�I�A

E�IJ 4
�
I f

! *
H�1SnIJ ;

X
J: J�Im

4!
Jg

+
!

�
*
H�1SnIJ ;

X
J: J�Im

4!
Jg

+
!

since E�IJ4
�
I f � 0 and

P
I: Im�I�A E

�
IJ
4�
I f � 1. From the monotonicity property

and the energy bound, it now follows that���BRm
stop (f; g)

��� . (NTV) qjImj� kgImkL2(!) ;
where gIm �

P
J: J�Im 4

!
Jg.

Thus with

Pbig �
1[
m=1

Rm ;

we get ���BPbigstop (f; g)
��� .

1X
m=1

���BRm
stop (f; g)

���
.

1X
m=1

(NTV)
q
jImj� kgImkL2(!)

. (NTV)

 1X
m=1

jImj�

! 1
2
 1X
m=1

kgImk
2
L2(!)

! 1
2

. (NTV)
q
jAj� kgkL2(!) ;

since the intervals Im are pairwise disjoint, and the functions gIm � 4!
Jg are thus

mutually orthogonal. �

6.3. Boundedness of the RBF=MBF stopping form . We have already done
all the work needed to bound the RBF=MBF stopping form. Indeed, we have
proved above the following inequalities for f 2 RBF (
)� (A) and g 2 MBF (
)! (A),
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when we have both the energy stopping bound XA (f; g) �
p
10C and the dual

energy stopping bound
�
XA

�0
(f; g) �

p
10C:

jH� (f; g)j . NTVind kfkL2(�) kgkL2(!) ;
jH� (f; g)� fBb;A (f; g) + Bc;A (f; g)gj . NTV kfkL2(�) kgkL2(!) ;��BAb;stop (f; g)� Bb;A (f; g)�� . NTV kfkL2(�) kgkL2(!) ;��BAc;stop (f; g)� Bc;A (f; g)�� . NTV kfkL2(�) kgkL2(!) ;��BAc;stop (f; g)�� . NTV kfkL2(�) kgkL2(!) ;

where we are writing BAb;stop for the stopping form corresponding to Bb;A, and
BAc;stop for the stopping form corresponding to Bc;A. The crucial �nal inequality fol-

lows from Proposition 6.7, because in the form BAc;stop (f; g), it is g 2MBF (
)! (A)

that is the function on top. Thus we conclude that for f 2 RBF (
)� (A), g 2
MBF (
)! (A), XA (f; g) �

p
10C and

�
XA

�0
(f; g) �

p
10C, we have

BAb;stop (f; g) = BAb;stop (f; g)� Bb;A (f; g)
+Bb;A (f; g) + Bc;A (f; g)�H� (f; g)

+H� (f; g)

�Bc;A (f; g) + BAc;stop (f; g)
�BAc;stop (f; g) ;

and so
��BAb;stop (f; g)�� is bounded by CNTVind kfkL2(�) kgkL2(!).

7. Appendix

7.1. Equivalence of indicator/interval testing conditions. It is easy to see
that the bounded function f in (1.3) can be replaced by �E for every compact
subset E of I. Indeed, given g 2 L2 (!) and I an interval, de�ne Fg;I = H!(�Ig)

jH!(�Ig)j
.

Then we have

sup
jf j�1

�Z
I

H� (�If)
2
!

� 1
2

= sup
jf j�1

sup
kgkL2(!)�1

����Z
I

H� (�If) g!

����
= sup

kgkL2(!)�1
sup
jf j�1

����Z
I

H! (�Ig) f�

���� = sup
kgkL2(!)�1

Z
I

H! (�Ig)Fg;I�

= sup
kgkL2(!)�1

Z
I

H� (�IFg;I) g! � sup
kgkL2(!)�1

�Z
I

H� (�IFg;I)
2
!

� 1
2

:

Since Fg;I takes on only the values �1, it is easy to see that we can take f = �E
in (1.3) if we double the constant.

7.2. In�nite bounded �uctuation decomposition. Here we show that the
number of terms in the decomposition in Proposition 5.8 cannot be bounded, thus
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necessitating the elaborate decomposition there. For n � 0, de�ne dyadic subinter-
vals In; Jn of [0; 1] by

In �
�
0; 2�n

�
;

Jn � In n In+1 =
�
2�n�1; 2�n

�
;

and de�ne a positive measure � on [0; 1] by

� =
1X
k=0

�
�k

1

jJ2kj
1J2k + �k

1

jJ2k+1j
1J2k+1

�
:

Then de�ne positive functions f , g and h = f + g on [0; 1] by

f =
1X
k=0

fk1J2k ; g =
1X
k=0

gk1J2k+1 :

Lemma 7.1. If

fk = 
 > 2; gk =
1

2
; �k =

1

2

�k;

for all k, then

eh � 1

2

n
h�

�
E�[0;1]h

�
1[0;1]

o
2 BF(



2 )

� ([0; 1]) :

Proof. We compute using


�k +
1

2
�k = �k =

�k + �k
1
2
 + 1

;

that Z
I2`

h� =
1X
k=`

(fk�k + gk�k) =
1X
k=`

�

�k +

1

2
�k

�

=
1X
k=`

�k + �k
1
2
 + 1

=
1

1
2
 + 1

Z
I2`

�:

We also haveZ
I2`+1

h� =
1X

k=`+1

fk�k +
1X
k=`

gk�k =
1

2
� ` +

1X
k=`+1

�

�k +

1

2
�k

�

=
1

2
� ` +

1X
k=`+1

�k + �k
1
2
 + 1

=
1

2
� ` +

1
1
2
 + 1

Z
I2`+2

�

=
1

2

Z
J2`+1

� +
1

1
2
 + 1

Z
I2`+2

�:

Thus

E�I2`h =
1

1
2
 + 1

; E�I2`+1h =
1
2

R
J2`+1

� + 1
1
2
+1

R
I2`+2

�R
J2`+1

� +
R
I2`+2

�
:

In particular, E�I h � 1 on In, n � 0, and since h is constant on every other dyadic
subinterval of [0; 1], we conclude that eh 2 BF( 
2 )� ([0; 1]). �
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Lemma 7.2. Let f , g and h be as above, and let 
�1
2 > 2C > C > 1 be �xed

positive constants. If there is a decompositioneh = F +G

where F 2 RBF(

�1
4 )

� ([0; 1]) and G is bounded by C, then

F =
1X
`=0

4�
I2`
eh:

Proof. The Haar support of h� E�[0;1]h is contained in the collection of intervals

fIng1n=0 = fI2`g
1
`=0

�
[ fI2`+1g1`=0 � Keven

�
[ Kodd:

Since G is bounded by C on I2`, and h = 
 on J2`, we must have F = eh�G > 

2 on

J2`, and it follows that the Haar support of F contains Keven. Now on the intervals
I2`+1, the average of

���eh��� on each child of I2`+1 is at most 1, and it follows that
Kodd is disjoint from the Haar support of F (we need 
 su¢ ciently large here, e.g.

 > 4C + 5). Thus we have that the Haar support of F is precisely Keven. �

Thus if f , g and h are as above, we conclude that

G =
1X
`=0

4�
I2`+1

eh:
We now compute that on the left child I2`+2 of I2`+1 we have

4�
I2`+1

eh = E�I2`+2h� E
�
I2`+1

h =
1

1
2
 + 1

�
1
2

R
J2`+1

� + 1
1
2
+1

R
I2`+2

�R
J2`+1

� +
R
I2`+2

�

=

�R
J2`+1

� +
R
I2`+2

�
�
�
�
1
2
 + 1

��
1
2

R
J2`+1

� + 1
1
2
+1

R
I2`+2

�
�

�
1
2
 + 1

� R
I2`+1

�

=

�
1
2 �

1
4


� R
J2`+1

��
1
2
 + 1

� R
I2`+1

�
=
1

2

1� 1
2


1 + 1
2


R
J2`+1

�R
I2`+1

�
=
1

2

1� 1
2


1 + 1
2


� `P1
k=` �k +

P1
k=`+1 �k

;

so that

2
1 + 1

2


1� 1
2


E�I2`+2
�
4�
I2`+1

eh� =
� `P1

k=` �k +
P1

k=`+1
1
2
 �k

>
� `P1

k=` �k +
P1

k=`
1
2
 �k

=
1

1 + 1
2


� `P1
k=` �k

:

Thus the left children have expected value that is positive and
1X
`=0

���E�I2`+2 �4�
I2`+1

eh���� > 1

2

1� 1
2
�

1 + 1
2


�2 1X
`=0

� `P1
k=` �k

=1:

Note that the sum
P1

`=0
�`P1
k=` �k

diverges for any decreasing sequence f�kg1k=0 of
positive numbers with �nite sum (apply the integral test with f (`) = � ` and use
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0

f(x)R1
x
f
dx =1). Thus we see that for x 2 J2n+1 we have

G (x) =
1X
`=0

4�
I2`+1

eh (x) = 4�
I2n+1

eh (x) + n�1X
`=0

4�
I2`+1

eh (x)
= E�J2n+1eh� E�I2n+1eh+ n�1X

`=0

E�I2`+2
�
4�
I2`+1

eh� > 1� 1
2
�

1 + 1
2


�2 n�1X
`=0

� `P1
k=` �k

;

which tends to 1 as x! 0.

Conclusion 7.3. Suppose 
 > 4C + 5; C > 1. Then there exists h 2 BF (
)� ([0; 1])

such that there is no decomposition h = F + G with F 2 RBF(

�1
4 )

� ([0; 1]) and
kGk1 � C.

Remark 7.4. The measure � can be taken comparable to Lebesgue measure, namely
with �k = jJ2k+1j = 2�2k�2 and �k = 1

2
 2
�2k�2,

� =
1X
k=0

�
�k

1

jJ2kj
1J2k + �k

1

jJ2k+1j
1J2k+1

�
=

1X
k=0

�
1

4

1J2k + 1J2k+1

�
:

Note however that the doubling eccentricity of � is 2
, essentially the smallest

eccentricity possible for the existence of a nontrivial function in RBF(


2 )

� ([0; 1]).

Remark 7.5. The conclusion is easily extended to show that for each positive
integer N 2 N, there is hN 2 BF (
)� ([0; 1]) such that there is no decomposition

hN =
PN

n=1 Fn +
PN

n=1Gn with Fn 2 RBF
( 
�14 )
� ([0; 1]) and kGnk1 � C for each

1 � n � N .
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