AN EXPANDED VERSION OF ‘TWO WEIGHT INEQUALITY
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FOR THE HILBERT TRANSFORM: A REAL VARIABLE
CHARACTERIZATION’

ERIC T. SAWYER

ABSTRACT. This paper is an expanded version of the paper ‘Two Weight In-
equality for the Hilbert Transform: A Real Variable Characterization’ by M. L.
Lacey, E. T. Sawyer, C.-Y. Shen and I. Uriarte-Tuero. The arguments here are
intended to be read by nonexperts, so there is more background, longer proofs,
and a slight reorganization of the overall plan. All of the arguments here are
due to the four authors mentioned above, but any errors, omissions and/or
confusion introduced in this expanded version are due to this author alone.
Let o and w be locally finite positive Borel measures on R with no common
point masses. We show boundedness of the Hilbert transform Hsf = H (fo)
from L2 (o) to L? (w) is equivalent to the Az condition

11| /(L)Zdw(x)—&—m /(L)zdg(uxx(;m?
7S \ |+ |z — =] “Jr N+ |z — 21| - 7

and the two indicator/interval testing conditions,

[t an < o,
I

IN

[apris < cin,
I

holding for all intervals I and compact subsets E of I (note that E does not
appear on the right side of the testing conditions). In particular, Hs is bounded
if and only if both Hs and its dual H,, are weak type (2,2).
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1. INTRODUCTION

In this paper we give a proof with expanded details, and additional background,
of the real variable characterization of the two weight inequality for the Hilbert
transform given in [LaSaShUr2] by M. L. Lacey, E. T. Sawyer, C.-Y. Shen and
I. Uriarte-Tuero. There is also a slight reorganization of the proof as given in
[LaSaShUr2]. All of the arguments are due to Lacey, Sawyer, Shen and Uriarte-
Tuero, but any errors, omissions and/or confusion introduced into this expanded
version are due to this author alone.

Let Hv (z) = [ %(? be the Hilbert transform of the measure v. The principal
value associated with this definition need not exist in general, so we always under-
stand that there is a fixed standard truncation of the kernel in place here. Given
weights (i.e. locally bounded positive Borel measures) o and w on the real line
R with no common point masses, we characterize the following two weight norm
inequality for the Hilbert transform,

(L1) /R\Hw)m < m/RWa, feI? (o),

uniform over all standard truncations of the Hilbert transform kernel. A question
raised in [Vol], which we refer to as the NT'V conjecture, is whether or not (1.1) is
equivalent to the following necessary conditions (see [NTV4] and [LaSaUrl] for the
necessity of Ay < 00),
I,

i -

AL

called the As condition and the two interval testing conditions. A weaker conjecture
is the indicator/interval NTV conjecture in which the interval testing conditions
are replaced by the indicator/interval testing conditions

/IIH(IEU)Izw < Tl /IlH(le)\QJ < (Fina)” UL

I
Az, ||I|(|TP(I,(U)§A2,

=11, / H (L) 2o < (S)2]1],,
I

(1.2) P(I,0)

IN
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for all £ compact C I interval. Note that E does not appear on the right side
of the inequalities, and that for a positive operator H, the indicator/interval and
interval testing conditions are the same. It is an elementary exercise to establish
the equivalence of the indicator/interval testing condition with

(1.3) / H (f170)2w < T4 1], . / H (FL0) 0 < (T2 .,

for all intervals I and functions f with |f| < 1 (see the appendix).
In this paper we prove the indicator/interval NTV conjecture.

Theorem 1. Let 0 and w be locally finite positive Borel measures on the real line R
with no common point masses. The best constants N, Az, Ting, and TF, , in (1.1),
(1.2) and (1.3) satisfy

N~V Az + Tinag + Sina-

Since the constant on the right side above arises repeatedly throughout the paper,
we set NZVinag = VA2 + Fina + 25 .. We also set NTY = /Ay + T + T*. Here is

ind*
an operator theoretic consequence of the theorem.

Corollary 1.4. Let 0 and w be locally finite positive Borel measures on the real
line R with no common point masses. Denote by W and * the weak type (2,2)
norms of H, and H,, respectively, i.e.

NH ) >ME < W fllay.  feL’(0),
NH @) > M2 < W gl g€ L)

Then
N ~ 0 + W*.

The corollary follows from the theorem since duality and the theory of Lorentz
spaces give Ting < W* and T, < W; while /Ay < 20 + 25* is evident from the
proof of v/ A <N in [LaSaUr].

Finally, current interest in the two weight problem for the Hilbert transform
arises from its natural occurrence in questions related to operator theory [NiTr],
spectral theory, model spaces [NaVo|, and analytic function spaces [2], among oth-

ers.

1.1. A brief history of the problem. The two weight norm inequality (1.1)
for the Hilbert transform became recognized as a difficult problem shortly after
the classical one-weight problem was solved in 1973 by R. Hunt, B. Muckenhoupt
and R.L. Wheeden [HuMuWh]. While success in related two weight problems for
positive operators came relatively quickly in the early 1980’s in [Sawl] and [Saw3],
the case of singular integrals remained mysterious for some time. Progress in a
different direction was achieved by David and Journé in 1984 when they solved
in [DaJo] the norm inequality for general Calderon-Zygmund operators, but with
Lebesgue measure as the weights. It was not until the late 1990’s and early this
millenium that significant inroads were made in the singular two weight problem
by F. Nazarov, S. Treil and A. Volberg using their recently developed techniques
for harmonic analysis on nondoubling spaces, see e.g. [NaVo], [NTV1] and [NTV2].

This effort culminated in the beautiful arguments in the 2004 preprint [NTV4]
and 2003 CBMS book [Vol], in which NTV followed the form of characterizations
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in [Sawl], [Saw3] and [DaJo], by showing that (1.1) was implied by (1.2) if certain
side conditions were imposed, namely the pivotal condition,

. o0

S Il P10 S, |J JacCl,
n=1

n=1

and its dual. The proof analyzed the bilinear form (H, f,g), by expanding f and
g in random Haar bases,

(Hof,9), = Y (Hs A] f,0%9),,,

I,J

splitting the forms into upper and lower and diagonal forms according to the relative
lengths of the dyadic intervals I and J, and then using a new corona argument that
involved stopping times defined with respect to the pivotal condition.

In [LaSaUr], three of us showed that the pivotal conditions were not necessary
for (1.1), and weakened these side conditions extensively, but were not able to
completely eliminate them. Also in that paper, the concept of the energy

He= {lJll/J (Ej(dz,)m[ff/fdw w}é ,

of a weight w on an interval J was introduced, and the energy versions of the pivotal
conditions were shown to be necessary for 1.1, namely

> 1l E(Jnyw)* P (Jo, 150)* S (MED) |11, _ncl,
n=1 o

and its dual condition. However, superadditivity of the functional J — |J| ap-
pearing in the pivotal condition was a crucial property for the NTV proof strategy,
which involved a clever estimate of off-diagonal terms in the Haar expansion of
the bilinear form (H, f,g),. Unfortunately, this crucial property fails for the cor-
responding functional J — [J| E (J,w)2 appearing in the energy condition, and
the sufficiency proof stalled dued to inadequate control of the energy stopping time
coronas.

Both the pivotal and energy stopping times used in [NTV4] and [LaSaUr] depend
only on the weights w and o, and not on the functions f and g involved in the form.
In [LaSaShUr| the current authors introduced Calderén-Zygmund stopping times
into the argument, which had been previously used for maximal truncations of
Hilbert transform in [LaSaUrl], and which depend on the averages of the moduli
of the functions involved. But the failure of the weights w and ¢ to be doubling
presented a formidable obstacle in [LaSaShUr] just as in [LaSaUrl], and moreover,
this approach highlighted the fact that the splitting of the form (H, f, g),, according
to relative lengths of the intervals I and J might not be a bounded operation in
general, hence dooming this splitting from the start (see [LaSaShUr] for more detail
on the question of bounding the split forms, which remains open at the time of this
writing).

1.1.1. Circumventing the obstacles. The difficulties mentioned above are circum-
vented in the present paper by introducing a new splitting of the bilinear form,
followed by a careful analysis of the extremal functions that fail both the energy
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and Calderén-Zygmund stopping time methodology. The new splitting is the par-
allel corona splitting that involves defining upper and lower and diagonal forms
relative to the tree of Calderén-Zygmund stopping time intervals, rather than the
full tree of dyadic intervals. Recall that the enemy of Calderén-Zygmund stopping
times is degeneracy of the doubling property, while the enemy of energy stopping
times is degeneracy of the energy functional (since nondegenerate doubling implies
nondegenerate energy, it is really the failure of doubling in both weights that is the
common enemy). A series of three reductions are then performed with Calderén-
Zygmund and energy parallel coronas to identify the extremal functions that fail to
yield to the standard analyses, such as certain bounded functions, and functions of
minimal bounded fluctuation with energy control. In the end, the standard NTV
methodology is decisive when used on these extremal functions with very special
structure.

1.2. The parallel corona decomposition. The main construction in our proof
of Theorem 1 is the following parallel corona decomposition, which improves the
decomposition according to interval side length that has been used in all previous
papers, in particular in [NTV4], [LaSaUr] and [LaSaShUr|. Let D and D* be an
r-good pair of grids, and let {hf},.p, and {h%}; p. be the corresponding Haar
bases, so that

Fo= Do n895=>" (R =" F(I) R,
IeDe IeDe JeDeo

g = > DNg= > (g.hy) 5= > G(J) Y,
JeDw JeDw JeDvw

where the appropriate grid is understood in the notation f([ ) and g (J). It is
convenient to define H, f = H (fo) so that the dual operator H is H,,: (Hsf,g), =

(f, Hug),-
Inequality (1.1) is equivalent to boundedness of the bilinear form

H(fo9)=(Ho (f)g)= D (Ho (D7), 899,
I1€De and JeDvw
on L? (o) x L? (w), i.e.
R <R fllpzio) 191l 22 -

Virtually all attacks on the two weight inequality (1.1) to date have proceeded
by first splitting the bilinear form H into three natural forms determined by the
relative size of the intervals I and J in the inner product:

(15) H = Hiower + Hdiagonal + Hupper;
Hlower (fa g) = Z <HU (A(ITf) ) A§g>w ’
1€D? and JeD®
[J]<27" (1|
Haiagonal (fa g) = Z <H¢T (A(Iff) , ‘f]}g>w ,

1€D? and JeD¥
2| 11< || <2" 1]

Yo (Ho (ATF),A%g),,,

1€D? and JeD¥
[J]>2"|1]

Hupper (fa g)
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and then continuing to establish boundedness of each of these three forms. Now the
boundedness of the diagonal form Hg;qgonal is an automatic consequence of that of
H since it is shown in [NTV4] that

[Haiagonat (f; 9)1 S (MFD) [ fll 20 91l 220y S NSl z2 0y N9l 20 -

However, it is not known if the boundedness of Hower and Hypper follow from
that of H, which places in jeopardy the entire method of attack based on the
splitting (1.5) of the form H. See [LaSaShUr| for a detailed discussion of these
matters.

In order to improve on the splitting in (1.5), we introduce stopping trees JF
and G for the functions f € L? (¢) and g € L? (w). Let F (respectively G) be a
collection of Calderén-Zygmund stopping intervals for f (respectively g), and let
D = U Cr (respectively D¥ = U Cc) be the associated corona decomposition

FeF Geg
of the dyadic grid D7 (respectively D¥). For I € D let wpoI be the D?-parent of

I in the grid D7, and let m£I be the smallest member of F that contains I. For
F,F' € F, we say that F’ is an F-child of F if 7z (mp-F') = F (it could be that
F = wpo F'), and we denote by €x (F) the set of F-children of F. For F € F,
define the projection PZ  onto the linear span of the Haar functions {h{} recy bY

Pe.f =Y O7f=> (fh),h].
IeCr IeCp

The standard properties of these projections are

f = Z ngfa /( gFf)U:O7 Hf“i?(a) = Z HPgFinz(a)

FeF FeF

There are similar definitions and formulas for the tree G and grid Dv.

Remark 1.6. The stopping intervals F live in the full dyadic grid D, while the
intervals I € Cg are restricted to the good subgrid Dy ooq as defined in Subsection
3.8 below. It is tmportant to observe that the arguments used in this paper never
appeal to a ‘good’ property for stopping intervals, only for intervals in the Haar
support of f. A similar remark applies to G and the Haar support of g.

We now consider the following parallel corona splitting of the inner product
(H (fo),g),, that involves the projections PZ  acting on f and the projections P¢
acting on g. These forms are no longer linear in f and g as the ‘cut’ is determined
by the coronas Cg and Cg, which depend on f and g. We have

(1L7) (Hofi9), = Y, (Ho(P¢.f),(PE.9)),

(F,G)EFXG

P D S D D

(F,G)ENear(FxG) (F,G)€eDisjoint(FxG) (F,G)EFar(FxG)
x (Ho (PE, f) (PEu9)).,
= Huecar (f7 g) + Hdisjoz'nt (fv g) + Hfar (f7 g) .

Here Near (F x G) is the set of pairs (F,G) € F x G such that G is the minimal
interval in G that contains F', or F' is the minimal interval in F that contains G,
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more precisely: either
F C G and there is no G1 € G\ {G} with FF C G1 C G,

or
G C F and there isno F} € F\{F} with G C F; C F.

The set Disjoint (F x G) is the set of pairs (F,G) € F x G such that F NG = (.
The set Far (F x G) is the complement of Near (F x G) U Disjoint (F x G) in F x G:

Far (F x G) = F x G\ {Near (F x G) U Disjoint (F x G)}.

The parallel corona splitting (1.7) is somewhat analogous to the splitting (1.5)
except that the stopping intervals at the top of the corona blocks are used in place
of the individual intervals within the coronas to determine the ‘cut’. It is this feature
that permits our characterization of the two weight inequality (1.1) in terms of As
and indicator/interval testing conditions.

Before moving on, it is convenient to introduce a corona decomposition that uses
stopping data more general in scope than the Calderén-Zygmund data.

1.3. General stopping data. Our general definition of stopping data will use a
positive constant Cy > 4.

Definition 1.8. Suppose we are given a positive constant Cy > 4, a subset F
of the dyadic grid D° (called the stopping times), and a corresponding sequence
ar ={ar (F)}pcr of nonnegative numbers ar (F) > 0 (called the stopping data,).
Let (F,=<,7x) be the tree structure on F inherited from D?, and for each F € F
denote by Cp = {I € D’ : wgl = F} the corona associated with F':

Cr={1€D’°:ICF andI ¢ F' for any F' < F}.
We say the triple (Co, F,ax) constitutes stopping data for a function f € L}, (o)
if
(1) B |f| <ar(F) foralll €eCp and F € F,
(2) Xp<p|F'l, < Co|F|, forall F € F,
3)

3) Lrper ar (F)’ [Fl, <G} 1fll32(0),
(4) ar (F) < ag(F') whenever F'|F € F with F' C F.

Definition 1.9. If (Cy, F,ax) constitutes (general) stopping data for a function
f e L} (o), we refer to the othogonal decomposition

loc
F=Y_Pe.f;  PLFf=D AT
FeF IeCp

as the (general) corona decomposition of f associated with the stopping times F.

Property (1) says that ax (F) bounds the averages of f in the corona Cr, and
property (2) says that the intervals at the tops of the coronas satisfy a Carleson con-
dition relative to the weight 0. Note that a standard ‘maximal interval’ argument
extends the Carleson condition in property (2) to the inequality

Z |F'|, < Cy|A|, for all open sets A C R.
FleF: F/CA
Property (3) says the sequence of functions {ar (F') 17} pc 7 is in the vector-valued

space L? (42; O'), and property (4) says that the control on averages is nondecreasing
on the stopping tree F. We emphasize that we are not assuming in this definition
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the stronger property that there is C' > 1 such that az (F’) > Cax (F) whenever
F',F € F with F' G F. Instead, the properties (2) and (3) substitute for this
lack. Of course the stronger property does hold for the familiar Calderdn-Zygmund
stopping data determined by the following requirements for C' > 1,

E% |fl > CE%|f| whenever F',F € F with F' G F,
E7|f] < CE%|f] for I €Cp,

which are themselves sufficiently strong to automatically force properties (2) and
(3) with ax (F) = E% | f].

We have the following useful consequence of (2) and (3) that says the sequence
{ar (F)1r} pcr has a quasiorthogonal property relative to f with a constant Cj
depending only on Cjy:

2

(1.10)

ZO(]:(F 1

FeF

2
< Collfllzzo) -
12(0)

Indeed, the Carleson condition (2) implies a geometric decay in levels of the tree
F, namely that there are positive constants C; and e, depending on (Y, such that
if QZ(;) (F) denotes the set of n'" generation children of F in JF,

> Pl < (G2 Fl,,  foralln>0and F e F.
Frec)(F):

From this we obtain that

> arE)IF, < Y S ap () |F),Ch27 |,
n=0pree (F): n=0\ Free (F)
< aIFLC Y Y (i,

n=0 F’E@g:’)(F)

and hence that

Yoar(F)§Y, Y ar(F)|F,

FeF n=0 F/ec‘(;l) (F)
S D ar(E)IFl, (D2 Y as (B,
FeF n=0 Free (F)
1
1 2
2
—en 2
< (Zorerin) [y Py
z
2 2
< ||f||L2<g)<Zaf<F’> F’|U) S -
FIeF

This proves (1.10) since || ez or (F) 1p||2L2(U) is dominated by twice the left
hand side above.
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Here is a basic reduction involving the NTV constant 91T0.

Proposition 1.11. Let
<Ho (f) 7g>w = Hnear (fv g) + Hdisjoint (f7 g) + Hfa'r (fv g)

be a parallel corona decomposition as in (1.7) of the bilinear form (H (fo) ,g), with
stopping data F and G for f and g respectively. Then we have

[(Ho ()90 — Huear (f, 9)| S (NTV) ||f||L2(a) HgHL?(w) J
for all f € L? (0),g € L* (w).
We will use Proposition 1.11 in conjunction with a construction that permits

iteration of general corona decompositions.

Lemma 1.12. Suppose that (Co,F,ax) constitutes stopping data for a function
f € L, (o), and that for each F € F, (Co,IC(F),Oé;C(F)) constitutes stopping
data for the corona projection PZ_f. There is a positive constant Cy, depending
only on Cy, such that if

IC*(F) = {KGIC(F)QCFaK(F)(K)Za}-(F)}
K = |JK@mu{r},
FeF
a (K) for KeK*(F)\{F}
o (K) max{afl(c}f)),a,c(m (F)} for K=F ’ for FF € F,

the triple (C1, I, ax) constitutes stopping data for f. We refer to the collection
of intervals KC as the iterated stopping times, and to the orthogonal decomposition
f=2kex PCI’Ef as the iterated corona decomposition of f, where

Ck={IeD:ICK andI ¢ K’ for K' <x K}.

Note that in our definition of (Cy, /K, ax) we have ‘discarded’ from K (F) all of
those K € K (F) that are not in the corona Cr, and also all of those K € K (F)
for which axpy (K) is strictly less than az (F). Then the union of over F' of
what remains is our new collection of stopping times. We then define stopping
data ax (K) according to whether or not K € F: if K ¢ F but K € Cp then
ak (K) equals ax(p) (K), while if K € F, then ax (K) is the larger of ay(p) (F)
and ar (K).

Proof. The monotonicity property (4) for the triple (Cy, K, ax) is obvious from
the construction of K and ax (K). To establish property (1), we must distinguish
between the various coronas Ck, CE(F) and C% that could be associated with K € K,

when K belongs to any of the stopping trees K, K (F) or F. Suppose now that

I € Ck for some K € K. Then there is a unique F' € F such that Ck C CE(F) c Cy,
and so EJ | f| < az (F) by property (1) for the triple (Co, F, ar). Then ar (F) <
ax (K) follows from the definition of ax (K), and we have property (1) for the
triple (C1, K, ax). Property (2) holds for the triple (Cy, K, ax) since if K € CF,

then
I, > KL+ Y > K,

K'<xK K'eK(F): K'CK F'<7F: F'CK K'€K(F")

Cg|K|J+ Z Cg‘F/|US2Cg|K|J
F'<zF: F/ICK

IN
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Finally, property (3) holds for the triple (C1, K, ax) since

Yo (KK, = Y > axr (KK,

Kek FE]“KGK; F)
< > CPES ey < CIST 20 -
FeF

2. BOUNDED FLUCTUATION AND FUNCTIONAL ENERGY

In the proof of Theorem 1 it will be convenient to isolate two intermediate
notions that guide the philosophy of the proof, namely minimal bounded fluctuation
functions, and the functional energy conditions.

2.1. Bounded fluctuation. The notion of bounded fluctuation is an extension of
the notion of bounded function intermediate between L> and BMO®dic There
are various versions of bounded fluctuation functions, and conditions defined in
terms of them, that arise in the course of our investigation. We start with a
definition of bounded fluctuation that is closely tied to the corona projections in
the CZ corona decomposition.

Definition 2.1. Given v > 0, an interval K € D, and a function f supported on
K, we say that f is a function of bounded fluctuation on K, written f € B]-'((J) (K),
if there is a pairwise disjoint collection Ky of D7 -subintervals of K such that

/Kfa:o,

ars (a constant) on K',  K' € Ky,
v, K' e /Cf,

\aK/
/ flo

@:{IED":ICK and I ¢ K' for any K' € Ky}
is the corona determined by K and Ky.

INV

1, Ieky,

where

In the case 7 > 1, we see that f is of bounded fluctuation on K if it is supported
in K with mean zero, and equals a constant ax: of modulus greater than v on
any subinterval K’ where E%, |f| > 1. Thus in the case v > 1, the collection of
distinguished intervals is uniquely determined, but in general Xy must be specified.
If we also require in Definition 2.1 that

ag:r >, K/GICf,

then we denote the resulting collection of functions by PBF() (K) and refer to
such an f as a function of positive bounded fluctuation on K.

Now we observe that for f € B}"((;’) (K) with v > 1, the Haar support supp fof
[ contains the set mKC; of parents of the intervals in K. Indeed, if K’ € Ky, then
the expected values of f on K’ and its sibling # K’ necessarily differ, which implies
that 7K’ is in the Haar support of f More precisely, on K’ we have

A f = axr —Eo g f,
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and since |E? ;. f| < B, | f] <1, we have |AZp, f| |k> lag/| —1>v—1>0. It
turns out to be a crucial reductlon in our proof of Theorem 1 that we can restrict
attention to functions f of bounded fluctuation that have minimal Haar support
supp f, namely equal to ms. More precisely, define f D — C by f( ) =(f.hT),
to be the Haar coefficient map (with underlying measure o being understood), and

7K ={rpK' : K' € Ky}.

It will however be necessary to relax the requirement that v be large, and instead
require K’ = (mpK'),, ., for K' € K;. Here the two dyadic children of I are
defined as Ismau and Ipig where |[Ismanl, < |Ibigl, -

Definition 2.2. For v > 0, define the collection MB]-‘E;’) (K) of functions of
minimal bounded fluctuation by

{f € PBFY) (K) : supp f C 7Ky and K' = (rpK')

smal

, for K’ E/Cf}.

Thus the functions f € MBF, (K) have their Haar support supp fas small as
possible given that they satisfy the conditions for belonging to PBF, (K). More-
over, the distinguished intervals K’ in Ky are the small child of their parent - a
property that is a consequence of ax: > ~ if v > 1, but in general must be in-
cluded in the definition. Note that while K¢ consists of pairwise disjoint intervals
for f € MBF, (K), the collection of parents 7/XC; may have considerable overlap,
and this represents the main difficulty in dealing with functions of minimal bounded
fluctuation. We use the term restricted bounded fluctuation on K to designate a
function f that is either bounded by 1 in modulus on K, or is of minimal bounded
fluctuation on K i.e.

feRBFY) (K) = (L), (o) | JMBF) (K).

The final key element in our proof of Theorem 1 is an estimate for a highly
nonlinear form By, (f, g) with either f € MBF, or g € MBF,, and a bound on
the stopping energy X (f, g), that exploits the interval size splitting of NTV. See
Lemma 6.4.

2.2. Functional energy. In the proof of Theorem 1 it will be convenient to isolate
the following intermediate notion that guides the philosophy of the proof, namely
the functional energy conditions.

Definition 2.3. A collection F of dyadic intervals is o-Carleson if
> |F|, <CFlSl,, SeF.
FeF: FCS
The constant Cr is referred to as the Carleson norm of F.
Definition 2.4. Let F be a collection of dyadic intervals. A collection of functions

{gr}reF in L? (w) is said to be F-adapted if for each F € F there is a collection
J (F) of intervals in D* such that

JF)YC{JeD”:JEF}

(J € F implies J is (e, 1)-good with respect to D° = D as in Subsection 3.3 below)
and if J* (F') consists of the maximal intervals J in the collection J (F'), then each
of the following three conditions hold:
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(1) for each F € F, the Haar coefficients gr (J) = (gr,hY) , of gr are non-
negative and supported in J (F), i.e.
gr (J) >0 forall JeJ(F) Fer
gr(J)=0 foral J¢&J(F) "’ ’
(2) the collection {gr}reF is pairwise orthogonal in L* (w),
(3) there is a positive constant C' such that for every interval I in D7, the
collection of intervals

Br={J"CcI:J eJ"(F) for some F DI}
has overlap bounded by C, i.e. ZJ*EBI 15 <C, forall I € D°.

Note that condition (2) holds if the collections J (F') are pairwise disjoint for
FekF.

Definition 2.5. Let § be the smallest constant in the ‘functional energy’ inequality
below, holding for all non-negative h € L*(o), all o-Carleson collections F, and all
F-adapted collections {gr} per, and where J* (F') consists of the maximal intervals
J in the collection J (F):

(2.6)
1/2
. x
S Y P ho) <|J*,9F1J*> S3|h||L2(o>[ZIIQFIIQL?(W)] .
FeF JreJ*(F) w FeF

We refer to this as the functional energy condition. There is of course a dual
version of this condition as well with constant §*.

2.3. Outline of the proof. The disjoint form Hg;sjoims (f,9) in (1.7) is easily
controlled by the strong As condition and the interval testing conditions using
Lemma 3.1 in Section 3:

|Hdisjoint (f> g)| 5 (mrz;n) ||f||L2(0‘) ||g||L2(w) :

We show in Section 5 that after further corona decompositions, the near and far
forms satisfy

Hnear (f;9)] S (NTVina + M+ D) [ fll 200y 191 L2y »
|Hfar (fv g)' 5 (mzm) ||f||L2(U) ||g||L2(w) ’

where 90t and 991" are the best constants in a bilinear minimal bounded fluctuation
inequality (5.39) and its dual, and with the bulk of the work in estimating the far
form Hy,, taken up in proving the Interwining Proposition in Section 4.

Finally, in Section 6 we use the Intertwining Proposition 4.2 to reduce the bilinear
minimal bounded fluctuation condition (5.39) to a similar inequality (6.5), but for
a nonlinear form B, that is esssentially the stopping term introduced by NTV
in [NTV4], i.e.

m + e 5 NITY + %m,inimal =+ %minimal *7

stop stop

where %;’;ggimal is the best constant in (6.5). Finally, the full force of the special

structure of minimal bounded fluctuation functions is exploited along with energy
control, to obtain

minimal minimal *
%stop + %stop S msma
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and this completes the proof of Theorem 1. Thus the only place where indica-
tor/interval testing is used over interval testing, is in reducing control of the near
form H,,eqr to the bilinear minimal bounded fluctutation conditions (5.39).

3. PRELIMINARIES OF THE PROOF

A crucial reduction of Problem 1.1 is delivered by the following lemma due to
Nazarov, Treil and Volberg (see [NTV4] and [Vol]).

Lemma 3.1. For f € L? (o) and g € L? (w) we have

> [(Ho (A7F), 859),1 S (MZD) (11l 220 1911 22 0

(I,J)ED xD¥
27| |<27 ]

> [(Ho (A7F) 859),1 S VA2l L2 (o) 191 20 -

(I,J)ED® xD*

INJ=0 and %Q[ZiT,ZT]

Proof. To prove the first assertion we split the sum into two pieces,

> + > [(Ho (A7) D59)0 -

27T I <2T | 27T || T]<2" |1

dist(J,1)<2"tHI|  dist(J,I)>2" 11|
The first sum here is handled using the argument for the diagonal short-range terms
in Subsection 9.2 of [LaSaUr], and the second sum here is handled by the argument
for the long-range terms in Subsection 9.4 of [LaSaUr].

Now we turn to the second assertion. By duality it suffices to consider only

|J|] < 277 |I| in the sum on the left of the second assertion, and we split the
resulting sum into two pieces:

DS (Ho (AF1), B59).,].

JC3I\I and |J|<2-"|I| JN3I=) and |J|<2—"|]]
These sums are estimated using the arguments for the mid-range and long-range

terms in Subsections 9.3 and 9.4 respectively of [LaSaUr]. O

3.1. Monotonicity property. The following Monotonicity Property for the Hilbert
transform will also play an important role in proving our theorem.

Lemma 3.2 (Monotonicity Property). Suppose that v is a signed measure, and p
is a positive measure with u > |v|, both supported outside an interval J. Suppose
also that ¢ is a function supported in J with [ pdw = 0 and such that there is c € J
such that

< 0fory<c,
ely) = 0fory=c
Then

[(Hv,0),| < (Hp, ), -
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Now let J C J* C 2J* C I, and suppose in addition that ¢ = h% and that p is
supported outside I. Then we have the pointwise estimate

1 * w
E = <H,u,,hf})>w—‘(]*|P(J,/L) <x7hJ>w
J| 5 * w
e (lj*:QPu ) <x,hJ>w) ,

where

(3.3)  P(K,p)

KE
/R<|K|+|y—c(K>|>3 Hw),
@), = {o—e)), = [ @=c()h5 @ >0

Moreover, there is v > 2 such that if in addition vJ* C I, then

1 * w
(3.4) (Hp, h),, = WP(J SORCHIN

Remark 3.5. This monotonicity property will be applied when ¢ = h% is a Haar
function adapted to J, in which case the point ¢ can be taken to be the center of J.

Proof. Let J_ = JN(—00,¢) and Jy = J N (¢,00). We may assume that

/|<p\dw:/ lo] dw = 1.
J J.

Then we have

(Hv,p), = : Hu (z) ¢ (x) dw () + HV() (z) dw (x)

- [ B@ @) de /H Yo (&) dw ()
- / / Hy () — Hv (2')] o ()| dw (2') |0 ()] o ()

- ///\ o T o W) e @) e (@) o @) de (2).

andsince(y”)_w>0foryeR\Jander+ and z’ € J_, we have

|(Hv, ),

/J+/_/R\J oI — oy )@ (@l dw (@) | (@) dw ()

= (Hp,p),,

IN

where the last equality follows from the previous display with p in place of v.
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Now suppose that J C J* C 2J* C I, ¢ = h% and pu, v are supported outside I.
Then for x € Jy, ¢’ € J_ and y ¢ I, we have

x—a oz [T
y—=)y—2) || |y—c)]
,)(y—c(J*)) (y—=)(y w’)

(y—2)(y—2') (y—c(J*))?

J*
= 0 (|x—m'||3> :
ly —c(J*)
Now we recall that

J_| |J
A= /\h|dw—/ 1] do = W

so that with ¢ = %hf}, we obtain

= (z—x

(Hp, hy), = A (Hp, @),

- A/J+/ _/R\J — oy M W R (@) dw (@) |1 (@) de ()
- A it |J*‘ “ (2 dw () R (2)] dw (z
=3l L |y_C(J*)|2du<y>|hJ< e o) 15 2)] s (0

2| |J*| o _—
o </J+ /_ /]R\J (J*)| dp (y) |Bg ()| dw (2") by (m)|dw(m)>

_ z, hY |J| D 2. he
= |J*‘ P(J" ) (x,hy), +O<|J*|2P(J ) ’hJ>w>a

since [hy (2')] |W (2)| = =Ry (2") by (x),

A " o
A/]+/_ /R\J ‘J*| |y—C J*)| (y)hJ(x)dW(.Z‘)hJ(aj)dw(x)
- |J*‘P(J ,u)/hth( z) dw (z),

|‘]*‘ w / / w
a0 1 )l ) 5 ) e 0
= P [ ) de @),

and

/ xhY (z) dw (z) + / z'hg (2") dw (2") = (x, hY),,
Jt

Finally, (3.4) follows easily from the above pointwise estimate for « large enough.
O
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3.2. Energy lemma. We formulate a refinement of the Energy Lemma from [LaSaUr].
First recall that the energy E (J,w) of w on the interval J is given by

e’ = o [ (Ei(dm'”f,f/)de (0.

and the corresponding functional ® (J,v) by
® (J,v) = w(J)E(Jw)* P (], |v]),

where v is a signed measure on R. The following Energy Condition was proved in
[LaSaUr]: for all intervals I,

e )

(3.6) i & (Jp,v) < (\/«Twr S) 1, U_d.cr
n=1

Suppose now we are given an interval J € D“, and a subset H of the dyadic
subgrid D* (J) of intervals from D* that are contained in J. Let P§, = ;.4 AY,
be the w-Haar projection onto H and define the H-energy Ey (J,w) of w on the
interval J by

w(dz)

2
37) Ex(Jw)? = ;L(Ej(dm)w> dw (2)

- o) () e

1 x w
- T 2 ().

w J'eH

2

1 ~ 2
~ e

J'eH
For v a signed measure on R, and H a subset of the dyadic grid D, we define the
functional

By (J,v) = w (J)Ex (J,w)? P (J, |v])*.
We need yet another property peculiar to the Hilbert transform kernel
1
K = —— = KCE = K .
(@) = = = K (1) = K, (@)
Lemma 3.8. Suppose J is an interval with center cjy, choose y ¢ J, and let

n= “l’;l;g' > 1. Then

1 (z,hY),
Tn=lly—cy*

x,h%),
<KU7hLu])>w + < J> 2
ly —cJl

Proof. With ¢; the center of J, we have using [ h% (z) dw (z) = 0 that

g, = [ @@ = [ ot B (a) do ()

T —y z—cy)—(y—-cy)

1 1
_ / () e (0)

y—cy

y—cg

= _Z/Mhﬁ(:ﬂ)dw(m)
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Since the Haar function takes opposite signs on its two children we have without
loss of generality,

au):/(x—cmw; <x>dw<x>:/|x—cJ||h§ ()] do () > 0

and for n > 1 we then have the estimate

/ (& — cs)" h¥ () dw (x)

< (|J|/2)"_1/|33 — el 1B (@)l dw (z) = (1] /2)" " @ ().

Consequently,

he
<Ku,hw> <$ J>
|y—CJ|

EITE A P S G
y_CJ|2Z( CJ) )= )

Thus in the Taylor expansion for the inner product (K,,h%) , the linear term
dominates.

Lemma 3.9 (Energy Lemma). Let J be an interval in D*. Let W be an L? (w)
function supported in J and with w-integral zero. Let v be a signed measure sup-

ported in R\ 2J and denote the Haar support of Uy by H = supp\ff}. Then we
have

(3.10) [(H (), W)l < ClY Il L2y P (Jv)?

The L? formulation |(H (v),¥;) | < C 1Vl 2y @ (; 1/)% proves useful in
many estimates. However, we will often apply this in its dual formulation. Namely,
we have

(3.11) |H (v) = BYH ()] 2 1) S @ (0)

Nl

Note that on the left, we are subtracting off the mean value, and only testing the
L?(w) norm on J.

Proof. We calculate using Lemma 3.8 that

/J/R\QJ x i y U (z) dv(y) dw(z)

=L S s k) dv) dete)
R\2J T Jr

S,

[(H(v), V1),

> /M, (K, 180, T () vl

J'eH

Z/ L ey, — L ‘\IJJ (")

S Jmes n—1 |y—ch

IN

dlv|(y)-
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Now use the approximation » i E ~ m 1CJ‘2 for J' C J and y € R\ 2J, so that the
—— -

sum in J’ becomes isolated. Then an application of Cauchy-Schwarz in J’ yields

1
1 9 2/ 1

—— 1% 20, z,h%)),, — _dv|(y
77*1” Il 22 ><Z|< ) ) A " vl (y)

(H@), ¥s),| <
J'eH
: 1
= 7||\IIJ||L2(UJ) (Z |z ( ) mP(J,IVD
J'eH
= F 1Vl L2y B (Jo0)7
This completes the proof. O

Remark 3.12. In the special case ¥y = h%, we have H = {J} and (3.10) then
gives

(3.13) (H10,15),] 5 ()t = (k) PO,

We also need the following elementary Poisson estimate from [Vol] (see also
[LaSaUr],‘1 which is corrected here).

Lemma 3.14. Suppose that J C I C I and that dist (J,01) > $|JIE|I[*==. Then

(3.15) [J|*72P(J, 015 )% S H[*7?P(1, 015 )%

Proof. We have

- 1
P(Joxa, |~ 27F do,
( UXI\I) kZ:o |2k J| (2k)n(1\1) 7
and (28J) N (f\ I) # () requires
dist (J, e ( ’2’2]’

Let kg be the smallest such k. By our dlstance assumption we must then have

[T 1I15 < dist (e (1)) < 2% |J],

_ JN\'T
< (i)
||

Now let k1 be defined by ok = % Then assuming k1 > ko (the case k1 < ko is

or

similar) we have

() = {33 by

k=kq

Il 1
9~ ko | 7/ do | +27%P(I,0x
|2k0 ]| <|I| (2k10)n(1\1) ) ( I\I)
|J| 1—2¢
(III P (I, axf\l) + mP (I, axf\l) ,

which is the inequality (3.15). O

do
2+ J)n(I\I)

A

A
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Finally, we need the following variant of Lemma 3.1 where we replace the Haar
function in the inner product (H, (AJf),A%g) (appearing in the statement of
Lemma 3.1) corresponding to the larger interval by a bounded function dominated
by an expectation, provided the larger interval is a stopping interval.

Lemma 3.16. Suppose that all of the interval pairs (I,J) € D° x D¥ considered
below are good. Suppose that f € L*(0) and g € L* (w) and that F and G are o-
Carleson and w-Carleson collections respectively as in Definition 2.3. Furthermore,
suppose that for each pair of intervals I € D and J € DY, there are bounded
functions B ; and vy ; supported in I\ 2J and J \ 21 respectively, satisfying

181l o Irrsllo <1
Then we have
(3.17) S [(H (5B 259)
(I,J)EFxD¥
INJ=0 and |J|<277|1|
- > (Ho (A7) 71,0105 9), |
(I,J)ED’ XG

INJ=0 and |I|<27"|J|

S VAl 92w »

and also
S Hy UESS), A9, 1+ > [He (A7f),1/Eg),|
(I,J)eFxD* (I,J)eD? xG
2L T 27" JIL|L] ]

STV Fll2o) 9 L2 ) -

Proof. (of Lemma 3.16) The proof of Lemma 3.16 follows the lines of the proof of
Lemma 3.1, but using the ‘almost orthogonality’ property ..z |F], (Ef )2 <

||f||iQ(a) in place of the orthonormality of the Haar system Y .- |(f, h}'>g’2 =
||f||iz(g) - and similarly for ||g||2Lg(w).We prove only the case (I,J) € F x D¥
and |I| > 2" |J|.

We split the first sum in (3.17) into two sums, namely a long-range sum where
in addition J N3I = @, and a mid-range sum where in addition J C 31 \ I. We
begin with the proof for the long-range sum, namely we prove

(318) Along—range = Z ’<HG (BI,J]'IE?]C) ) A§g>w ’

(I,J)EFxD¥
3INJ=0 and |J|<27"|I|

S VA o) 9l 2w -

We apply the Energy Lemma 3.9 to estimate the inner product <H[,. (BLJII), h§>w
using v = f; ;170 and 2.J N supp (BLJ) = (. Since |v| < ||/817JH00 1,0 < 1j0, the
Energy Lemma applies to give us the estimate below.

BULT) = [(Ho(Brs10).05), | S \VLPCL )

/ /]
J| P(J,1 <a/|J|, ] - .
| ‘w ( ) IU) ~ | |w | |a’ dist([, J)Q

A
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We have used the inequality P(J,1;0) < m |I],,, trivially valid when 3INJ =
§ and |J| < |I]. We may assume that ||f||L2(U) = ||g||L2(w) = 1. We then estimate

Alongfrange < Z Z ‘E?f|6(-[7°])‘<gah§>w|

IEF J : |J|<|I|:dist(I,J)>|1|

o IJI
S > 18 1 o/ 1o g 7y VLl 5.
I€F J : |J|<|I|:dist(I,J)>|1|
5
/| /]
s S, ¥ (i \/mam 1
IeF J 2 |J|<|):dist(1,0)>|1] ’

ISR DI € ) IV /v
J

I |J|< | sdist(1,d)>|I|

+6
where we have inserted the gain and loss factors (“‘I]“) with 0 < § < 1 to facilitate

application of Schur’s test. For each fixed I € F we have

/] m; |J| /
— J
. <|I| 7 dist(I 1.
J | J|<|I|:dist(1,T)>]|I|

< W/ E 9kd E W J
~ ‘ ‘a’ : dZSt(I, J)2| |w
k=0 J 2k J|=|1):dist(1,J)>]I|

|
% D dist(I, 12 |

J 2k J|=|1|:dist(I,.J)>|1|

which is bounded by

; :
CZQ k5(||1|-| I )) 5\/-/42’
if § > 0. For each fixed J we have

5 ) Vil

I |J|<| T idist(1,0)>|1]

< JIJ 222%(175) Z |7\/T
~ 7l / dist(I,J)? 1l
k=0 I: 2%\ J|=|1|:dist(I,J)>|1|
%
< 27k(175) | I
SR> Z dist(r, 772 o
k=0 I: 28| J|=|I:dist(I,J)>|1|

1

2
]
8 2 dist(1,J)2 |

I:2k|J|=|1):dist(I,J)>|1]
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which is bounded by

\/|722 (1-9)p 2’2]0)%('2,”')2

28|

1
3
9- k(1-6) | 17 “lw P 2kJ <
Z 2kJ| ( ) ~ -A27
if § < 1. With any ﬁxed 0 < § <1 we obtain from the inequalities above that

Atong—range S D [BFfI” 111, /A +Z| 9:h5) 12V Az

IcF
S (112 + 161320 ) mg = 2V |l 2 19 22

since we assumed || f|[2(,) = [|9l/ () = 1, and this completes the proof of (3.18).
Now we turn to the proof for the mid-range sum, namely we prove

(319) Amidfrange = Z ‘<HU (5I,J11E(;f) ’ u;g>w‘

(I,J)eFxD*
JC3IN\I and |J|<27"|1|

S VA fllreo) 190220

To see (3.19), we set for integers s > r,

Amid—range(8) = Z Z (BT [ 1) <HU(51,J11)7 h§>w (9 h§>w|
IEF J: 25| J|=|1|:dist(I,J)<|I|, INJ=0
1

< lz (B7 |£])? m]

IeF
97 1/2
-1 w w
X Z Z 11|, 2 [(Ho(B1.s11):05) |19, h5)..|
IeF \J:2s|J|=|I|:dist(1,J)<|I|, INJ=0
1/2
Sl |2 > 11, (Ho (B 10), 05 1 g, 1) P

IE€F J : 25| J|=|I|:dist(I,0)<|I|, INJ=0

AGS) 11 2o N9l 2

where
A(s)> = 2%sup sup Il \<H (Br.11), > |?
IEF J : 25| J|=|1|:dist(I,])<|I|, INJ=0
1
< 2°sup Z 111, [(Ho(Br,s11),h5) I,
T€F 1 2o g=|1):dist(1,0)<|I|, INT=0
since

Z Z | 7 <QZ| gahJ :2”9“%2(0.;)

I€F J: 25| J|=|I|:dist(I,J)<|I|, INT=0

Due to the ‘local’ nature of the sum in J, we have thus gained a small improvement
in the Schur test to derive the last line.
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But (3.10) applies since 2J is disjoint from the support of 3; ;, J is good with
respect to the grid D7, and so (3.15) also applies to yield
J
A(s)* < sup 2° > L(I) -P(J,170)?
T€F 1. os||=|1):dist(1,0)<|I|, INT=0 (1)

("'(‘]) ‘J| e 2

< 2% E — 2 = -P(I.1

N?‘élp . U(I) <|I| ( ’ IU)
J 28| J|=|I|:dist(1,J)<|I|, INJ=0

I
5 sup 25278(2745) U( 2) Z w(J)
rer ] J 25| J|=|I|:dist(I,))<|I|, INJ=0

< 2—(1—45)3./42 )
This is clearly a summable estimate in s > r, so the proof of (3.19) is complete. O

3.3. The good-bad decomposition. Here we use the random grid idea of Nazarov,
Treil and Volberg (see e.g. Chapter 17 of [Vol]) as more recently refined in Hytonen,
Pérez, Treil and Volberg [1]. For any 3 = {8,} € {0,1}%, define the dyadic grid Ds
to be the collection of intervals

Ds = {2“ <[0, Dt+k+> 2%‘”@) }
i<n n€Z, ker

This parametrization of dyadic grids appears explicitly in [Hyt], and implicitly in
[NTV2] section 9.1. Place the usual uniform probability measure PP on the space
{0,1}%, explicitly

]P’(ﬁ:ﬁl:()):l[”(ﬁzﬁlzl):%, for all [ € Z,

and then extend by independence of the 3;. Note that the endpoints and centers
of the intervals in the grid g are contained in Q% + x3, the dyadic rationals
QW = {%}m,nez translated by 25 = >, _, 2'8; € [0, 1]. Moreover the pushforward
of the probability measure P under the map 5 — xg is Lebesgue measure on [0, 1].
The locally finite weights w, o have at most countably many point masses, and it
follows with probability one that w,o do not charge an endpoint or center of any
interval in Dg.

For a weight w, we consider a random choice of dyadic grid D on the probability
space X“, and likewise for second weight o, with a random choice of dyadic grid
D? on the probability space 7.

Notation 3.20. We fix € > 0 for use throughout the remainder of the paper.

Definition 3.21. For a positive integer r, an interval J € D? is said to be r-bad
if there is an interval I € D* with |I| > 2"|1|, and

dist(e(1),J) < 2[J°|1)' <.

Here, e(J) is the set of three points consisting of the two endpoints of J and its
center. (This is the set of discontinuities of hG.) Otherwise, J is said to be r-good.
We symmetrically define J € D¥ to be r-good.
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Let D be randomly selected, with parameter 3, and D“ with parameter f3’.
Define a projection

(322) PZoodf = Z (Ij:f )

I is r-good €D

and likewise for P¥

vooad- Define an 7, e-good subgrid Dy, by

good

Jl—e
I ‘ whenever

(3.23) ;mdzz{leIW:dwt(Le(f))2|IF

ﬂzym}
Now define an r, e-good projection Gp- on L? (o) by

(3.24) Gpof= Y (f,h),h, feL?(o).

IeDgood

Let T : L?(c) — L*(w) be a bounded linear operator. Then the operator norm
1Tl 2(5)— 12(w) is bounded by a multiple of

)

EBEQ/ sup ’<TPgoodGD" f, P?;oodGD“’g>w
”fHLQ(a'):HgHLQ(w):]'

where Eg,Eg are the expectations relative to the probability space of grids, the
projections P7 , and Py, are defined in (3.22), and the projections Gpo and Gpw
are defined in (3.24). The constant € > 0 in these definitions is taken sufficiently
small, and the associated constant » > 0 is then taken sufficiently large depending
on €.

Summary 3.25. It suffices to consider only r-good intervals, and only functions of
the form f = Gpo f and g = Gpeg, and prove an estimate for |[H (o)l 12 () — 12(w)
that is independent of these assumptions. Accordingly, we will call r-good intervals
just good intervals from now on, and we will assume f = Gpsf and g = Gpwg. It
is important to note that an interval J € Dy, satisfies the ‘good” inequality (3.23)
with respect to both grids D° and D¥. In fact, we will assume that the two grids
D and D¥ actually coincide. For this see Hytonen, Pérez, Treil and Volberg [1].

Remark 3.26. If J C I is an r,e-good subinterval of an interval I, then one of
the following two cases holds:

Case (1): either |J| > 27" |I|,

Case (2): or |J| <277 |I| and dist (J,e (1)) > |J|° |I|'"°.

For a fized interval I, there are only 2"T% intervals J in Case (1), and since the
lengths of |J| and |I| are comparable, all of the estimates we claim in this paper
for Case (1) subintervals J turn out to be essentially trivial. Thus the Case (2)
subintervals J constitute the substantial case, and for these subintervals we write
J €I and refer to J as simply a good subinterval of I.

4. INTERTWINING PROPOSITION AND FUNCTIONAL ENERGY

Our main result here says that, modulo terms that are controlled by the A,
and interval testing conditions, we can in two special situations, pass the w-corona
projection P‘é’é through the Hilbert transform H to become the o-corona projection
ng. More precisely, we mean that with H,f = H (fo), the intertwining operator

w w ag g
¢ |PegHo — HoPey | Peg
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is bounded with constant N'TV. The first special situation in which this works is
when G C F and (F,G) € Far(F x G), in which case the intertwining operator
reduces to P¢, H,PZ, since Cf N CE = 0.

The case when (F,G) € Near (F x G) is more problematic, and we do not know
if the analogous result holds for it. However, we can pass the w-corona projection
P‘é’g through a restricted portion of the sum, which we now describe. For a fixed
F € F, it will be convenient to write G ~ F' to mean that G satisfies the properties
(F,G) € Near (F x G) and G C F, so that we can iterate the near sum as

> Yo (H, A7 f.059),

(F,G)eNear(FxG) | (I,7)eCs xCe
GCF

= Z Z Z <HU A? fv A§g>w

FeF G~F | (1,J)eCE xC

The additional restriction we impose on the inner sum above is that I is contained
in a G-child G’ of G; thus while G C F, there is a sort of ‘reverse’ inclusion required
of I. We will establish an intertwining inequality for the ‘mixed’ form,

(41) Bmm’ (fvg) = Z Z Z <A?f7Hw AU; g>o"

FeF G~F (1,J)eChxCE
IeG'€Cg(G)

We separate one of the main steps in the proof in the second subsection below,
where we show in the Functional Energy Proposition 4.22 that the functional energy
conditions are controlled by the A5 and interval testing conditions. We will freely
apply the Intertwining Proposition 4.2 in the more complicated analysis of bounded
fluctuation in later sections.

4.1. Intertwining proposition.

Proposition 4.2. Let f =) o » Pg;f and g = qeg P¢. g be a parallel Calderén-

Zygmund corona decomposition for f € L? (o) and g € L* (w). Then
(4.3)

Z <H0Pg%fa (é)ég> + |B’mi7; (f7 g)| 5 (msm) Hf||L2(a) ||g||L2(w) .
(F.G)€Far(FxG) v
GCF

There is of course a dual formulation with F' C G.

We will also need the following generalization of the Intertwining Proposition
to parallel corona decompositions that use general stopping data as defined in
Definition 1.8.

Proposition 4.4. Let

<H0' (f) 79>w - Hnea'r <f7 g) + Hdisjoint (f> g) + Hfar (fa 9)

be a parallel corona decomposition as in (1.7) of the bilinear form (H,f,g), with
stopping data F and G for f and g respectively. Then (4.3) holds.
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In this first subsection we prove that the left hand side of (4.3) is dominated by
the larger expression

(4.5) MV +F+5) 1f1l 200y 190 220y -

that includes the functional energy constants § and §*. In the next subsection we
show that the functional energy constants § and §* are themselves controlled by
NTY. Finally, in the third subsection we prove the more general Proposition 4.4.

Remark 4.6. We do not know if the following intertwining inequality holds:

S (HoPsf Poag) | STV fllaio ol o)
(F,G)eNear(FXG) «
GCF

If true, we could use the techniques of this paper to replace the indicator/interval
testing conditions (1.3) with (1.2) and the following weaker inequality and its dual:
(Holp, 1g/),| S /I, |E'|, for all intervals I and compact subsets E, E' C I.

Proof. We prove the inequality (4.3) with (4.5) on the right side. We begin by
writing

Hiar tower (f,9) = Z <H Peg f:Pesg >w

(F,G)€eFar(FxG)
GCF

> > (HoPZ,. [, 059),,

JeD¥ (F,G)eFar(FxG)
JeCg and GCF

and claim the estimate

(47) |Hfar lower (f7 g)' 5 (m‘zm + S) ||fHL2(0') HgHL2(w) .
We have
Hfar lower (f7 g) = Z /H PCF PCGg) w
(FG)EFar(]:Xg)
GC

=y fm| Y e (Phoe

Geg FeF: (F,G)eFar(FxQG)
GCF
= Z / H, fG (P&.9) w,

Geg
where

fe > PI.f= > Y ATf Geg.

FeF: (F,G)EFar(FxG) FeF: (F,G)eFar(FxG) IeCr
GCF GCF

by
i
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Now we decompose this last sum according to whether or not the interval I is
disjoint from G:

fo = fi+f
f& = Sy,
FeF: (F. G) Far(]-'xg) IeCp: GCI
GCF
f& = > Ar

FeF: (F,G)eFar(FxG) IeCr: GNI=0
GCF

Once again we have

>y Yy Y [mem @i

GeG FeF: (F,G)EFar(FxG) Iecp JeCa
GCF

< > (H, (59 5), B%).)

(I,J)eDe xDw: INJ=0
S D) (£l 2oy N9l L2y -

by Lemma 3.1 since the intervals I and J paired above are disjoint.

Turning to the term involving fé, we note that the intervals I occurring there
are linearly and consecutively ordered by inclusion, along with the intervals F € F
that contain GG. More precisely, we can write

GCF(Q)SFG)S Fu(G) S Fur (G) S .. Fy (G)

where F (GQ) is the smallest interval in F containing G and F,4; (G) = n2F, (G)
for all n > 1. Note that the only intervals F;, (G) occurring among the intervals I in
the sum for fé are those with n > 2, since we must have (F, (G), G) € Far (F x G),
which requires that there is F' € F satisfying G C F' G F, (G). We can also write

GCL(G)GL(G)S - Ik(G) G It (G) & ..Ik (G) = Fy (G)

where I; (G) is the smallest interval in Cp, () containing G, equivalently I; (G) =

mpo F1 (G), and Iyyq (G) = mpo Iy (G) for all k > 1. There is a (unique) subse-
N

quence {ky},_, such that

F, (G) =1, (G), 1<n <N,

upon defining I, (G) = Iy (G) = F; (G). Note here that the only intervals Iy (G)
occurring among the intervals I in the sum for fé are those with k£ > k.
Assume now that k, < k < k,41 and

(4.8) 0 (Ix (G)) = Irt1 (G) \ Iy (G) € Cr, 1,
Then using a telescoping sum, we compute that for = € 0 (I (G)),

> AT f(x)
=k

If ky, <k < Ekpqq and (4.8) fails, then we have
H(Ik (G)) S Q:( n+1) C F.

> [ #() (Peg)e

(49) |f% @) = = B8 uianS B S| S B A1 =B, 11
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Thus we decompose fg (z) as (recall Iy, (G) = F1 (G))

bl h h
fG - fG,local + fG,corona + fG,stopping ’

where
th,local = (E%l(a)f - E7, f) 1r @) >
fg,corona = Z ( onent — E?Kf) Lo1.0)) >
k>ky: 0(1x(G)¢F
fé,stopping = Z (Eg(zk(a))f - E7, f) Lo (@) -

k>ky: (1 (G))eF

S (E%I(G) |f|> 1p (), so

Now fé’local depends only on Fj (G), and ‘fg’,local

that if we write

Q@ _
fF1 @ = fé,local’

> 69

GEG: F1(Q)=F

R¥g

then we have

(410) Z/HO (vféJocal) (chg)w = Z /Ha ('fg) ( %g)w
Geg FeF
S T BRI AIFL IR L2 ()
FeF
< T(Z(E%If)QIFlg> <Z|R%gnia(w>>
FeF FeF

S S”f”Lz(o') ||9||L2(w)‘

Next we turn to estimating fé,stopping in the decomposition of fé, which can be
controlled by the A; condition alone. We claim

Z/HU (fg,stopping) ( ggg)w

Geg

(4.11) S \/IQHfHL?(J) 1911 L2 ) -

To prove this we write

(4.12) 3 / Hy (1 stopping) (PE0)

Geg

= Z Z (E%f) <Ho' (1F)’chg>w

GEG FeF: GCH(F)

= | (B <Ho (1r), > E’Gg>
(F)

FeF Geg: GCsome F'CH

S TERS) D Hs (1r), M%),

FeF JCO(F)

w

IN
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Lemma 3.16 applies to the final line above to give (4.11). We remark that using
J C 0(F) in the final sum, we can replace v/ As with the classical constant /A5 in
the estimate above.

To handle fé’comm we will use Lemma 3.2 and the functional energy condition
(2.6) above in conjunction with the representation

N
fé,corana = Z (Eg(Ik(G))f - E?;qf) 19(Ik(G)) = Z BFnJrl,GanJru
n=1

k>ki: 0(1x(G))¢F

where the function Sy, o defined by

Br,1c = > (Eg(zk(c))f - E7, f) Lo(r, (@)
kn<k<kpi1: G(Ik(G))gj:

has support in F, 1 \ F,,. Moreover, 3 F,.1,c Satisfies the following pointwise esti-
mate by (4.9):

(4.13) 185,16 @) < (B, 1£1) 1r, o\, (0)
Thus with G (J) = G for J € Cg, we can write

> /H & CO’”O”“) (Pés9)w = Jesz/Ha (fé(J),corona) (Ajg)w

Geg
and then by the Monotonicity Lemma 3.2 and the bound (4.13) we have

H‘Tfé(J),corona (J) = Z <H‘7 ((Eg}‘F |f‘) 1TF}'F\F) 7h§>w :
FeF: G(J)CF
(F,G(J))€EFar(FxG)

Given J € D¥ and F € F with ngJ C F, let J* denote the mazimal good
D“-dyadic interval satisfying J C J* C F as in Definition 2.5. Apply the pointwise
estimate in the Monotonicity Lemma 3.2 and write

g= > llg: W5l ns.
JeDw
With J (K) and J* (K) as in Definitions 2.4 and 2.5, we now obtain

(414) Z /H fG(J),cmorm) (Aﬁg)
JeDw
< D g ksl > (Ho (B 5 |f1) Laprvr) 55,
JeDw FeF: G(J)CF
(F,G(J))€eFar(FxG)
5 Z <§’ h§>w Z ( r]:F‘fD' | (‘]*717T]:F\FU) <$7h§>w
JeDw FeF: G(J)CF
(F,G(J))EFar(FxG)
~ 1 .
S OID VI CHD JRPTT) B L RS i C I TR
KeF J*eJ*(K) JeED¥: JCJ* FeF: KGF
TrG(J)=K w
< Z Z <|J*| 1J*9K> P(J"\Mqsf),

KEF J*eJ*(K)
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where the collection of functions

gk= >, 0495, KEeF,

JeD¥
TrG(J)=K

is F-adapted as in Definition 2.4 above. Indeed, for J € D¥ and 7xG (J) = K we
have gx (J) = g (J) > 0, and the orthogonality property

(4.15) (gK,gK/>w:0, K,K/Ef,

holds since if J € Cq, J' € Cqr and mxG # 7w7G’, then J # J'. Note also that we
have the property

w0 (Gtee) = S ekl () o

JeD¥: JCJ*

TrG(J)=K
Finally, property (3) of Definition 2.4 holds with overlap constant C' = 2. Indeed,
it J* C I C F with J* € J*(F), there are two possibilities: either (i) G (J*) C I
or (it) I S G (J*). In the first possibility we have F' = Fg(;+) and it is now easily
seen that the J* in case (i) are pairwise disjoint. In the second possibility, we have
G (J*) = G(I), and again it is easily seen that the J* in case (ii) are pairwise
disjoint.

Since F is o-Carleson, we can now apply the functional energy condition (2.6) to

the right side of (4.14) with the choice h = M, f. We have the maximal function
estimate,

1Pl 20y S W1l 22 o) »
and so altogether we obtain that the right hand side of (4.14) satisfies

DS <|J*| 1J*gK>wP(J*,hcr)

KeF J eT(

1/2
< Slhllzze [Z ||9K%2(w)1 S Sz lglezwy S Sl llgllz2w),
KeF
by (2.6) and (4.15).
This completes the proof that the first term on the left side of (4.3) is dominated
by the larger term (4.5) on the right side. O

Now we turn to proving that the second term B, (f, g) on the left side of (4.3)
is dominated by the larger term (4.5) on the right side.

Proof. We claim that the mixed form B,,;,. (f, g) defined in (4.1) in can be controlled
in the same way that the far upper form

Hoar upper (f19) = > (HPESPEg)

(F,G)eFar(]:x g)

2 Z Do D X HAAT S 05,

GeG G'eeg(G) FEF: FCG' IeCr JeCq

2. > D)) (ALHLAG ),

GeG Geeg(G) FEF: FCG' I€Cr JeCq
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would have been controlled in the first part of the proof of Proposition 4.2, where
we actually estimated the dual form Hyqp jower instead.

Indeed, the only difference between the two forms is that in B,,;, we have the
arrangement of intervals

(4.17) IcG cGCF,

with I € C% and J € C¢&, while in Hygp ypper We have instead the arrangement of
intervals

ICFcG cga,

with I € C% and J € C¢. To control Hygy ypper in the first part of the proof, we
would have summed over J to obtain a function g, and applied the Monotonicity
Lemma along with the dual functional energy condition. To control B,,;, here, we
do essentially the same, namely we sum over J to obtain a function gy, and apply
the Monotonicity Lemma along with the dual functional energy condition.

We write the mixed form B,,;. (f,g) as

Bmia: (fv g) = Z Bmiz,F (f7 g) 5
FeF
Y. > (ALHLAYg),

GF (1,0)e(cqmnes)xcg
IeG'etg(G)

oy Y S (A HLAY ),

G~F G'etg(G) I€Cr: ICG! JECE

Bmim,F (fv g)

and prove the estimate,

‘PUCJEQ

P |
C'Ff L2(

o) L2(w)

Then we can sum in F' € F and use Cauchy-Schwarz to obtain

|Bmiw (f7g)| S (mgm+5*) Hf||L2(o) ||g||L2(w) :

Here are the details.
‘We have

Buirr (f,9) = >, > >, > (A(f,H,AYg),

G~F G'eeg(G) IECr: ICG' JECY

= >3 Y (89 HPhg)

IeCr GAF G'eeg (G)
Ica’

= > (AT HG,

IeCp

gr = Z Z ZA§97

G~F:Geeg(G) JECE
IcGa’

where

and we recall that F' € F is fixed. We now decompose this last sum according to
whether or not the interval J is disjoint from I: g; = gi + gg. As in the earlier
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argument, the term involving g? is handled by Lemma 3.1, and we arrange the
intervals J occurring in the sum for

G=Y Y Y au

GrF Gleeg(Q) JEC
IcG’ IcJ

into an increasing sequence of consecutive D“-dyadic intervals {J; (I )}kl,(zl. We also
identify the increasing sequence of consecutive G-stopping intervals {G,, (I )}71:/:1

that contain I, as the subsequence with {J (D}._,, ie. Ji, (I) = G, (I). Tt
1

n=1’
is important to observe that because of the arrangement of intervals in (4.17), we

have
Icq =G4 (I) cJp (I) = 1pu(Gy (I) C Gy (I) C Jk (I) =F.

Now we decompose

i f i
9r = gI,local + g[,corona + gLstopping ’
where

g?,local = (E“él(z)g - E%g) 1, >

95 corona > (EZJ(Jk(I))g - E“ﬁg) Lo.(n) »
k>ki: 0(Ji(1)EG

> (Biuayg —Erg) Lo
k>ki: 0(Jx(1))€EG

i
gl,stopping

The form corresponding to the local function g? tocal = ggl( n satisfies

Z<A"f, wgllocal> Z Z Z A{Tﬂ ng>U

IeCy G~F G'e€g(G) I€C%
G (I)=G'

_ Z<Pcw g fs o (Big — Bipg) 1))

G~ F
< — E% G
<X sncr .., (B8 lol B2 lgl) \/IG1,
1 1
< (S lPres. ) (X @21007101)
~ CanCi || 12 () G 9 w ~ ﬁg 2w
G~ F G~ F
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We next show that the form corresponding to the stopping function g?stoppm g
is controlled by the As condition alone upon using Lemma 3.16. Indeed, we have

Z <A}'f, ngg,stoppin9>a

Iece,

= Y <Ag f, H, > (EZ’(.Jk(I>>g - E%g) Lo((n) >

Iecs k>ki: 0(Je(I1))EG "

S Y. (A7f Ho (Bgg —Big) 1)),

G~F Gretg(G) 1C: 1COG

DYDY Y HATS He (B lgh)1an),l

G~F G'eeg(G) I€CS: 1COG!
S Ve,

by Lemma 3.16. We remark that using I C G’ in the final sum, we can replace
/A5 with the classical constant /A5 in the estimate above.

Finally, the form corresponding to the corona function g?)aomna is controlled by
the dual functional energy condition upon applying the Monotonicity Lemma 3.2
as follows. We write

‘ ey

g?,corona = Z (EG(Jk(I))g IE‘Fg) 19( Ji (I ZIBF Gryi( I)]'GnJrl(I)y
kzk:l: G(Jk(l))¢ n=1
5F,Gn+1(1) = Z (EZJ(J,C(I))Q - Eoli“g) Lo(s, (1)),

kn<k<kpi1: 0(J(1))¢G

where g ¢, ., (1) satisfies the pointwise estimate

‘5F,Gn+1<z> (33)‘ S (E%?m(z) |9\) 16, (\Ga(n) (2)-

Thus with B
F=Y" 109, he,

Iecg

we have

< f’ wdr corona>
o

N
<A}'ﬁ H, (Z (E“éw(z) Igl) 1G,L+1(I>\Gnu>> >

IeC

9

A

Iecsy

= Z< ADIEDY S (@) Legener >

Iecg GHF G'e64(G) G"€G: G'CGCG
Icc’ Y
Here the notation G - F' means that G is mazimal with respect to the property
G ~ F, and G (G) denotes the successor set of all G’ € G with G’ C G.
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Now we use the arguments surrounding (4.14) and (4.16) in the proof of Propo-
sition 4.2 in order to apply the dual of the functional energy condition in (2.6). For
convenience we write

2. 2 2. =2

GHF G'e6g(G)G"€G: G'CG"CG  G'xl
Ica’

Then with F'(G) = 7xG and I C I* C wgl and Gr = {G € G : G ~ F}, the error
estimate in the the Monotonicity Lemma 3.2 gives

2(24-<%3?J?7 H, < Z (B2, lgl) 17rgG”\G”> >

IeCy G I
~ Z | f7h0 | Z 7rgG” |g‘ |I*| (I*,]-ﬂ'gG”\G”w) <$,h117>0_
Iecy G'"x I

Z Z <|;:*|, Z A?f> P I*, Z (EﬁgG” |g|) 17'rgG”\G”w
HeGr I*€I*(H) T€CE (11)yNCy G I

Icrr - HCG"CF(H)

> % (qEtesn) PO M),

HeGr I=eT*(H)

IN

where the collection of functions

fu= Y. Aff, HeGr,

1€CE, ;1)NCY,;

is Gr-adapted as in Definition 2.4 above. Indeed, for I € C;(H) N Cy we have
f;{ (I' = f (I) > 0, and the orthogonality property

(420) <fH7fH/>w:07 H#H/GQF,

holds since then C§; N Cyy, = (0. Note also that we have the property

(4.21) <|1*| 1 fH>0: > |<f,h?>w|<|l*| h">0>0.

T€CE 1yNCH
Icrr

Property (3) of Definition 2.4 holds here with overlap constant C = 1. Since

Gr is w-Carleson, we can now apply the inequality dual to the functional energy

inequality (2.6) to the right side of (4.19), with the choice h = M,P¢.g. We have
F

the maximal function estimate,

LIPES] L .
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and so altogether we obtain that the right hand side of (4.19) satisfies

2 2 <|p| 1f*fH> P(I", (Mag)w)

HeG I*€I*(H)

IN

1/2
37 l1Allo [Z IIfHII%Q(U)] S 8 MPE gl 2w 1 F 1 220

Heg

N

‘ w

Pc;g

L2(0) L2w)’

by the inequality dual to (2.6), and (4.20). This proves (4.18), and hence completes
the proof of Proposition 4.2, but with the larger term (4.5) on the right side of
(4.3). O

4.2. Controlling functional energy. In this subsection we prove that the func-
tional energy conditions are implied by the strong A5 and interval testing condi-
tions, thus completing the proof of the Intertwining Proposition 4.2.

Proposition 4.22. § < Ay + % and § S Ay + T

To prove this proposition we fix F as in (2.6) and set

(4.23) p=> 0y

FCcF JxeJ*(F)

2
xT

w [
Ve

“O(c(7),10%])
L2(w)

where J* (F) is defined in Definition 2.5, and the projections P% ;. onto Haar
functions are defined by
b= Y, DAY

JCJ*: JEJT(F)

We can replace by x — ¢ for any choice of ¢ we wish; the projection is unchanged.
Here 0, denotes a Dirac unit mass at a point ¢ in the upper half plane Ri.
We prove the two-weight inequality

(4.24) Pl L2 ) S If1lL2) 5

for all nonnegative f in L? (o), noting that F and f are not related here. Above,
P(-) denotes the Poisson extension to the upper half-plane, so that in particular

2
33

PG e = D D Po) (eI,

FeF J*eJ*(F)

?(w)

and so (4.24) implies (2.6) by the Cauchy-Schwarz inequality. By the two-weight
inequality for the Poisson operator in [Saw3], inequality (4.24) requires checking
these two inequalities

(4.25) / CP(110) (5,0 da (2,8) = [P (110) 7 S (A2 +F2) (D),

(4.26) [ @1 Potdn) s [ o, an),
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for all dyadic intervals I € D, where I = I x [0, |I]] is the box over I in the upper
half-plane, and
2
P*(t1:u) = | ————u(dy, dt).
(t050) = [ e—nldn.dt)
It is important to note that we can choose for D any fixed dyadic grid, the com-

pensating point being that the integrations on the left sides of (4.25) and (4.26) are
taken over the entire spaces Ri and R respectively.

Remark 4.27. There is a gap in the proof of the Poisson inequality at the top of
page 542 in [Saw3]. However, this gap can be fized as in [SaWh] or [LaSaUrl].

4.2.1. The Poisson testing inequality. We choose the dyadic grid D in the testing
conditions (4.25) and (4.26) to be the grid D“ that arises in the definition of the
measure f in (4.23). In particular all of the intervals J* lie in the good subgrid
Di,pq of D. Fix I € D. We split the integration on the left side of (4.25) into a
local and global piece:

/ P(ha)zdu:/y(lm)?dwr/ P(10)* dp.
R2 I R2\T

The global piece turns out to be controlled solely by the Ay condition, so we leave
that term for later, and turn now to estimating the local term.

An important consequence of the fact that I and J* lie in the same grid D = D,
is that (c(J*),|J*|) € I if and only if J* C I. Thus we have

/f P (110) (2, )% dpu (1)
= > Y PG ) 1)

FEF J*eJ=(F): J*CI

= > > P(J*,110)" [IP}

FEF JxeJ*(F): J*CI

2
w x

P

L*(w)

T 2
il

Note that the collections J* (F') are pairwise disjoint for F' € F, and that for

J* e J* (F) we have
w r— B9
e\

_ / x— E%.x|?

|J*]
In the first stage of the proof, we ‘create some holes’ by restricting the support
of o to the interval I in the sum below.

Z Z P(J", 1rnro)’ 1P 727

FEF J=eg+*(F): J=CI

* w x
:{ Z + Z } Z P(J71FOIU)2HPF,J*W”%2(w)
Jreg*

FeF: FCI FeF: FoI (F): J*CI
= A+ B.

2 2

2
J*|

(4.28) ‘ e

L2(w) L2(w)

dw (z) = E(J*,w)* |J7],,

J*| ||L2
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Then
A<y Z P(J*, 1pn10)2E (J*,w)* |J*],

FEF J*eJ*(F): J*CI
<& U(Fﬁl) S (A2 +F%)o(D).
FeF
Here we have used that the constant &, defined in the energy condition
sup » P(l,150)’E (I, w)* L], < &1, 1€D,
U, 1] cl 1

is controlled by the Ay and testing constant T (see [LaSaUr]). We also used that
the stopping intervals F satisfy a o-Carleson measure estimate,

Z |F|0' 5 ‘F0|a7
FeF: FCFo
which implies that if {F};} are the maximal F' € F that are contained in I, then

doFnn<d > a(F)gza(F) <o(l)

FeF j FCF;

Now let J (I) consist of those J* C I that lie in J* (F) for some F O I. For
J* € J (I) there are only two possibilities:

J*elorJ &I.

If J* € I and F D I, then J* € F by the definition of J* good, and then by
Property (3) in the definition of J (F'), Definition 2.4, it follows that the intervals
JeJ (I) with J* € I have overlap bounded by C, independent of I. As for the
other case J* € j([) and J* & I, there are at most 2"*! such intervals J*, and
they can be easily estimated without regard to their overlap if we let Fy« be the
unique interval Fy» D I with J* € J* (Fjy~). Inequality (4.28) then shows that
term B satisfies

* w <z
B < oo+ Y P(J ,110)2“pFI7J*J—*|||2LQ(w)
JeJI): Jrel J*eJ(I): J*¢I
S > P(J*,1;0)° E(J",w)* |7,

JreJ(I): J*el

42+t sup P(J* 1;0)° IPE g \J*| ||L2(w)
JreJI): J*I
S 520'(1) +2T+1520'(I) S (A2—|—‘3:2) O'(I),
since the intervals J* € J (I) with J* € I have overlap bounded by C, independent

of I.
It remains then to show the following inequality with ‘holes’:

(4.29) S Y P 1pR0) ’

FeF; JeJ*(F)

2
X

TR

S (A2 + %) o(D),
L?(w)
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where F; consists of those F' € F with F' C I. Because of the holes, we are able
to express this inequality in dual language via the pointwise control given in the
Monotonicity Lemma 3.2:

(4.30) E = (H(1pp0),h%) P(J* o) (x,h%)

@ 1

J *\
We will prove below that for any dyadic interval I,
(4.31)

Z Z <H (1I\FU)’§F7J*>MSTU(I)1/2 Z Z 9F,J* 5

FeFr J*eJ*( FeF jxeJ*(F) L2(w)

where the functions
gF,J* = Z (gF,a+ h3), Iy,
JeJ(F): JCJ*

satisfy P% ;.gr,.j+ = gr,y-, and are pairwise orthogonal in (£} J*); and where the
functions
gr,g- = Z [(gr.a-,B5),,| B,
JEJ(F): JCJ*
satisfy the same conditions as the gp - and with the same L? (w) norms. Using
the equivalence (3.4) in the Monotonicity lemma, together with (g s-,h%) > 0,
we get

(4.32) }<H (1]\FO') 7gF,J*>w|

Z (gp.0+,h%),, (H (1pro),hs),

JeJ(F): JCJ*

Y Gra k), (H(1nro) b)),
JeJ(F): JCJ*

~ w 1 * w
Z (GF,a+ hy),, WP (J*,1nro) (x,hY)
JET(F): JCJ*
1

= |J*| P (J 1]\FU) <P%)"]* x,gp’J* >UJ

1
Z Z WP(J*,II\FU) <P%7J*ZL',9F7J*>W

FeFr Jreg*(F)

can be viewed as an inner product, and since (4.32) and (4.31) give

IN

Q

Now

1
(4'33) Z Z ‘J*| P (J*7 II\FU) <PU§’J*$79F,J*>W

FeFrJ eJg*(

< (T—k\/fTQ)J(I)Vz Z Z gF,J* ;

FEfIJ*GJ*(F) LQ(UJ)
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since [|gr, 7+ [| 2y = [l97.0+ [l 12y, it then follows by duality that

1
oY =P ne0) [Phal, S (324 As) o),

FEFr J*e€J*(F) ¥

which is (4.29). Thus it remains to prove (4.31).
The key to this is to note that we can now ‘plug the hole’ we created above in
order to dualize (4.29) via the Monotonicity Lemma. We have

Z Z ].FO' gF,J* <{IZ Fﬁ]1/2 Z EF,J*

FeFr JeJ*( FeFr JreJ*(F) L2 (w)

9 1/2

<% ZU(FQI)XZ Z gF,J-

FeFr FeFr J*GJ*(F) L2(w)

And this gives us the inequality we want. The functions gp j« are pairwise orthogo-
nal in L?(w). And the intervals F are stopping intervals, hence satisfy a o-Carleson
measure estimate, which if {F};} are the maximal such F' contained in I leads to

Z U(FﬂI)SZ Z a(F)ﬁZaF

FeFr j FCF;

But it is trivial that

> Z H(110),3r,0-)0 S To (D237 37 gro-|

FeFr J eTg*( FeF JeJ(F) L2(w)
and combined with the previous display and H (1, ro) = H (1;0) — H (10), this
yields (4.31). This completes the proof of the local part of the first testing condition
(4.25).

Now we turn to proving the following estimate for the global part of the first
testing condition (4.25):

[, P dus i,
R2\T

We begin by decomposing the integral on the left into four pieces:

JRRCICETED VR (UL RENEDY

J*: (e(J),|J*)ERZNT FrJ*

2
T

7]

w
F,J*

L2(w)

2
w

T
FJ*i‘
L2(

PO D Z S EP) () 1D Y

J*N3I=0 J*C3I\I J'NI= J*2I F~J*
[7*1<|1] [J* |>|1|

= A+B+C+D.

w)
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We further decompose term A according to the length of J* and its distance
from I, and then use (4.28) and E (J*,w) < 1 to obtain:

2
PSR 2~ |1 .
A< 3N > — U, | 7L,
n=0k=1 y*c3h*+11\3¥1=0 dist (J*, 1)
|| =27 1|

o > (112 |1],, [3¥+1 T\ 3k 1|
DREOI 11
~ 4 o

n=0 k=1 |3kl‘

oo |3k+1]|0 |3k+1[|w

S Yy 3 s 11, S Az 1],
1 |31

n=0

We further decompose term B according to the length of J* and then use the
Poisson inequality (3.15),

7]
]

2—4e
P(J*,ha)?g( ) P(I,1;0)°,

w

oood 15 @ good subgrid of

in Lemma 3.14, which requires the fact that our grid D
D = D¥ as defined in Subsection 3.3. We then obtain

oo B I 2
ey X)L
n=0 J*C3I\I
|7*|=27" 1|

< oiac |31], |31
< E 22— " — 2 9| < As |1 .
=~ o ( ) |3]| | |g' ~ 412 | |o‘

For term C' we will have to group the intervals J* into blocks B;, and then exploit
the mutual orthogonality in the pairs (F, J*) of the projections P% ;. defining y, in
order to avoid overlapping estimates. We first split the sum according to whether
or not [ intersects the triple of J*:

2

2
|| T
R D S e P
T MBI =0 I 1\ dist (J*,I) . |J*| L2(w)
[J= > 1] |J*|> 1]
= (C;+ Cs.

Let {B;};-, be the maximal intervals in the collection of triples
{3J* :|J*| > |I| and 3J" N1 =0},
arranged in order of increasing side length. Below we will use the simple fact that

the intervals B; have bounded overlap, Zfil 15, < 3. Now we further decompose
the sum in Cj by grouping the intervals J* into the blocks B;, and then using that
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P% sz = P% ;o (z — ¢(B;)) along with the mutual orthogonality of the P ;.:

2
S ]
@ = ;J 2 (dz‘st(J*J)2 m”) 2

*: 3J*CB; FrJ*

2
L 2
dist (B, 17 ) > 3 IPtralliag,

2
xT

7]

w
F,J*

L?(w)

A
NNgk

i=1 ( J*: 3J*CB; FroJ*
2
< Tt (B T2 1, (z —c(B;
S ;(m t(BZ,I)2| | ) 1B, ( (Bi)ll 2 )
2
~ lz(dzst(B [)2| |"> | Bil” | Bil,

B;| |I
S {Z |J9||2| }|I|U§A2|I|a

since dist (B;,I) ~ |B;| and
|Bil, M, [, ]
X - W har

o ——dw(x
| Z/-dist(mJ)zd (=)

| |
< a

Q

since Y o2, 1p, < 3.

Next we turn to estimating term Cy where the triple of J* contains I but J*
itself does not. Note that there are at most two such intervals J* of a given length,
one to the left and one to the right of I. So with this in mind we sum over the
intervals J* according to their lengths and use (4.28) to obtain

) 2 2
|| T
C:o= > 2 <.2|f|g > |Pr
7m0 7+: 1cagm\oe \dist (I, 1) Frde 7 22 w)
PRECAN
[e%e} 2
|| 1, & [3-2"1], 2”1\
< z 3-2"I| = I

1
< {||I|TP” w>}|f|g<A2|f|g,

since
3 - 2”I| /
132[ )dw(z)ﬁP(I,w)
O P

Finally, we turn to term D, which is handled in the same way as term C5. The
intervals J* occurring here are included in the set of ancestors A, = W(Dk)f of I,
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1 <k < co. We thus have

Y P (150) (c(AR), A D [[P%
k=1

X
F,J* |
FroAp L2 (w)

— (], 1], ||
Z<|A | ‘ o.) |I| Z|Ak2|Ak|w |I|0'
< {'”“P (Lw)} 11, < As 111,

2
D

N

since

— |/ ||
> A |Akl, = Z 4P 3 1A, (z)dw ()

|| i
11)? + dist (x,1)°

w(z)=P{,w).

~

Remark 4.34. The reduction to the testing condition here seems to be essential as
one can’t ‘plug the hole’ in the function setting.

4.2.2. The dual Poisson testing inequality. Again we split the integration on the
left side of (4.26) into local and global parts:

[Prenpe = [ empe+ | Gl

We begin with the local part. Note that

(4.35) /thu:vt > Z HP -2 E2 ) »

FeF Jeg*(
J* CI

where we are using the dummy variable z to denote the argument of P% ;. so as to
avoid confusion with the integration variable « in do (z). Compute

1P 7+ 20172 ()
4.36 P* t1 =
( ) I'u Z Z |J*|2+|xfc(J*)\2
FeF J*eJ*(F)
JCI

And so, it makes sense to expand the square. The diagonal term is
(4.37)

2
1P 52172,
> Y [ |gr | e <Y Y Pl
FEF J*J*(F) |2 + |z = e(J)] FEF J*cJ*(F)
JrCI JrcI
IP%, -2 ‘%2(@
(4.38 where M; = sup  sup / 5 - o(dz).
) P S8y ) TTE+ o= ()PP
JrcIl

But, by inspection, M; is dominated by the Ay constant. Indeed, for any J*, we
have by (4.28)

1P, 721172 ) < Ul |J*?
dx) < .
/(|J*|2+|$—C(J*)\2) \J*| / |J*|2+|$—C(J*)|2)20( @) < As
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Having fixed ideas, we fix an integer s, and consider those intervals J and J’
with |J’| = 27%|.J|, where we are now dropping the superscripts * from the intervals
J*, but not from J* (F), for clarity of display. The expression to control is

||PF,]* |L2( ) ||Pu1;‘/ J’ZH%Z( )
=Y Y Y Y o S Lol IO
FEF JET(F) F'eF J'eq(F) |12 + |z = (D)2 T2 + |z — ()]
|J'|=2"2]J|

<M S S PR

FeF JeJ(F)

[IP% J'ZHQLZ(M)

where My = sup sup / o(dx).
FEF JET(F) preg JG%:F) |J|2+\$ (NPT A+ o —c(J)]?

[J'[=27"1J]

We claim the term Ms is at most a constant times A2~ °. To see , fix J as in
the definition of Ms, and use (4.28) to estimate the integral on the right by

I, J'? J' 272

CARy LU )

[J'] |J|2 + |z —c(J)]? |J|? + |z — c(J)|? 1+4n?
where n is an integer chosen so that (n —1)|J| < dist(J, J') < n|J|. Then estimate
the sum over J’ as follows.

—2s —s
Y Y ettee
FreF jeg=(F'):|J|=2"°|J|
(n—1)|J|<dist(J,J')<n|J|
because the relative lengths of J and J’ are fixed. This is summable over n € N
to 27°, so it completes our proof of the local part of the second testing condition
(4.26).

It remains to prove the following estimate for the global part of the second testing
condition (4.26):

[B*(t170))%0 S A2 |1,
R\/
We decompose the integral on the left into two pieces:
/ [P (#12) %0 = / P* (1100 + / [P*(t1;1)]%0 = A + B.
R\J R\3I 3I\I

We further decompose term A in annuli and use (4.36) to obtain

A=Y [ e
7;1 gnHIN\3n T !
i 2
= P .. z||?
S O B D DD St el R TS
asiJemrinant | g Sy PP A e = e(J7))]
L JrcIl
i 2
> 1
w 2
% Z/+1 Z Z 1P, - 2172w Wda(m)_
U (L O o et
L JrcI
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Now use (4.35) and

[fa=> 3 pr

I FCF J*eJ*(F)
JrcIl

2
P2y S 11 (z = c(D)F2() < I,

to obtain that

OOE 1
= Jgnirpngnr LT H [| ™| |w} |3”I|4 o (x)
oo 3n+1]’| |3n+1I|
: 2372n| ¥ : [/t2d]<A/t2d.
- {n_l |3n+11)? SO S A e

Finally, we estimate term B by using (4.36) to write

2

B— Z Z HPU}%,J*ZH%Q(QJ)
it | P B TP o el
JrcI

do (x),

and then expanding the square and calculating as in the proof of the local part
given earlier. The details are similar and left to the reader.

4.3. General stopping data. Here we prove Proposition 4.4. Let f € L? (o) and
g € L? (w). Suppose we are given stopping data for f as in Definition 1.8, i.e. a
positive constant Cy > 4, a subset F of the dyadic grid D7, and a corresponding
sequence ar = {ar (F)} pc 7 of nonnegative numbers ar (F) > 0 satisfying

(1) E|f|<ar(F)forallI € Cp and F € F,
(2) X p<p|F'|, < Co|F|, for all F € F,
- 2
(3) ZFe}' aF (F)2 |F|g < HZFE}' ar (F) ]'FHLQ(O-) ch Hf||2L2(g)a
(4) ar (F) < ar (F') whenever F'| F € F with F' C F.

Note that we have here included in property (3) the quasiorthogonality inequality
(1.10). Similarly, let G and Bg = {fg (G)}Geg be stopping data for g. We begin
by following the proof of Proposition 4.2, which makes no use of the explicit form
of stopping data until we get to the telescoping sums in inequality (4.9), which now
becomes

1 )| = ‘i 25,5 @)
l=k

= ‘Eg(lk(G))f - E?Kf) S aF (Foyr)tar (K) < 2ar (Fuy),

by properties (1) and (4) above. Then we proceed with the decomposition

Bl h b
fG - fG',local + fG,corona + fG,stopping .
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The estimates

S [ o (o) PE9)s| S Tl lolssco
Geg
Z/H fG stoppznq) (PCG ) g \% 'A2 ||f||L2(U) ||g||L2(w)’
Geg
S [ Ha (Fcorons) (Peas) | S 817l oz
Geg

now all follow as in the previous proof using properties (1), (2), (3) and (4) above.
Indeed, using (1) and (4) as above, the estimate (4.10) becomes

Geg FeF FeF

S Tl lgllzo ) s
where in the last line we have used property (3) above, together with the orthogo-
nality of the projections R} = >~ . Fu(G)=F PE,9- Then using (1) and (4) again,
the estimate (4.12) becomes

Z /H fG stoppzng) PCC w

Geg

N

S ar(F) Y (Hs (1r),A%9), ],

Fer JCO(F)

which is dominated by v/ Az || f[l12(5) 19/l 12(.,) upon application of Lemma 3.16 and
property (2) above. Finally, using (1) and (4) yet again, the estimate (4.13) becomes

1Br,.6 @)] < 0z (Far) 1p,, 05, (@),

and this transforms the estimate (4.14) into

Z /H fG(J) cO’ronu) (Ajg)w

Jepw
~ 1 N
s S % <x 3 A§g> il D DI A PR
KeF J=eJ*( JeDY: JCJ* FeF: KGF
ﬂfG(J):K

D <|J*| 1J*9K> P (T, Maf).
KcF Jreg*(K)
where
Mof = Z arF(F)1
FeF
substitutes for the maximal function M, f used earlier. Now we use property (3),

together with the fact that the collection of functions {gx } ;¢ » is F-adapted as in
Definition 2.4, to obtain the bound

> 5 (ptean) PUNM) S5 i lolinc-

KEF J*eJ*(K)
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This establishes the bound for the first term on the left side of (4.3) in Proposition
4.4, but with the constant MTY + F + F* on the right side. Proposition 4.22
now applies to complete the proof of Proposition 4.4. The proof for the second
term B,ix (f, g) on the left side of (4.3) is also similar to the corresponding proof
in Proposition 4.2, using only modifications of the type already described above.
Proposition 4.22 now applies to complete the proof of Proposition 4.4.

4.3.1. Proof of the Iterated Corona Proposition. We can now prove the Iterated
Corona Proposition 1.11. For this we return to the parallel corona splitting (1.7),
but with general stopping data for each of f and g. We then decompose the far
form Hyq, (f, g) into lower and upper forms in analogy with Hiower and Hypper in
(1.5):

Hfar (f7g) = Z + Z <HUPgFf’ gGg>u)

(F,G)eFar(FxG) (F,G)eFar(FxQ)
GCF Fca
= Hfa'r lower (fag)+Hfar upper (f)g)

Let Npear, Ndaisjoint; Nfar tower and Nygp upper be the bounds for the nonlinear

corona forms Hnear (fa g)a Hdisjoint (fa g)a Hfar lower (f7 g) and Hfar upper (f) g) As
mentioned earlier, Lemma 3.1 gives

Ndisjoint ,S NTY.
Our goal here is to show the inequality
(439) Nfa'r' lower T Nfar upper S NTY.

By symmetry, it suffices to consider N4, jower, and since the form Hy4r 1ower (f, 9)
is controlled by the Intertwining Proposition 4.2, we have

Nfar lower 1 Nf(”" upper ’S N3y,

which completes the proof of the Iterated Corona Proposition 1.11.

5. DECOMPOSING THE FUNCTIONS

We apply three different corona decompositions in succession to the function
f € L? (o), gaining structure with each application; first to bounded fluctuation for
f, then to minimal bounded fluctuation for f, and finally to regularizing the weight
o. The same is done for g € L? (w). Finally, we combine these decompositions for
f and g into a triple parallel corona decomposition to which the Iterated Corona
Proposition 1.11 and the Intertwining Proposition 4.4 apply.

5.1. Bounded fluctuation. The connection between bounded fluctuation and the
corona projections P"; f in the CZ decomposition of f is given in Lemma 5.2 below.
We need the following definition. Given v > 1, an interval K € D and a function
f supported on K, we say that f is a y-simple function of bounded fluctuation
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on K, written f € SBF ((,'Y) (K), if there is a pairwise disjoint collection K of D7-
subintervals of K such that
Fe Y e

K'ek
v, K ek,

aK’
1 / ~
— [ fo < 1, Iek,
[, Jr
where
K={IeD’:ICK and I 2 K' for some K' € K} .
Usingthefactsthatﬁflmag1f0r[€l€andﬁf1|f\o>’yf0r]€/€,it

is easy to see that the collection K is uniquely determined by the simple function
f of bounded fluctuation, so we will typically write Ky for this collection when

f e SBFY (K). Note that functions in SBF{ (K), unlike those in BFY) (K),

do not have vanishing mean.

Remark 5.1. There is a more general notion of simple function of bounded fluctua-
tion on K, that permits f to take on both positive and negative values, namely we say
that f € GBFY) (K) if we only require |ag:| >~ for K' € K and ﬁfl lflo <1
for I € K along with the other restrictions. However, every function in QB}'E,’V) (K)
can be written as the difference of two functions in SB]-'((J) (K), and it will be a key

point in the proof of Proposition 5.8 that all the values of such f can take a single
stgn.

Lemma 5.2. Suppose that F is a stopping collection for f € L? (o) with Calderdn-
Zygmund stopping constant Cy > 4. Given v > 1, there is for each F € F a
decomposition,

(5.3) 2,
: (P2, )
(Coy +v+ DEG|f| ¥

1
(C’O—‘rl—mm(PgFf)g S ng((y’Y) (F)

In particular, we have
Pe.f = (Coy+v+1)ER|f) ho+ (Co+1)(ER|f]) h;
hi € BFY(F), i=12.

~
|

(PgFf)l +( gFf)Q;

< 1F7

Proof. To obtain (5.3), fix F' € F for the moment, and write
gFf = 1ﬁPgFf + 1ﬁPgFf’
where
F=F\FandF= []J F.
F'e¢(F)
Then if z € F' we have
Pe(ryf (2) = Y AFf(x) =B f —BE:S,

IeCp
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where K (z) is the smallest child of any interval in the corona Cr that contains .
Thus

(54)  |PZ.f(x) 15 ()| =
where Cy is the Calderén-Zygmund stopping constant, and

1:P2. f= > (BLf—ELf) 1p.

F'ee(F)

By — BEf| 17 (2) < (Co+1) B |f] 17(a),

Now let
Chig (F) = {F' € €(F) : [EG f —B%f| > (Coy +v + 1) ER | fI},
set Coma (F) = C€(F) \ €y (F), and then define
(Pe.f), = 1sP&.f(a)+ > (EBRf-E%f) 1m,
F/Ecsnzall(F)

(Pe.f)y = >, (BRf-E%f) 1p,

F’ECMg(F)

to obtain the decomposition (5.3).
Indeed, from (5.4) and the definition of €y, (F) we have

IN

(P&, /),

F,GQ:STYL(I”(F

max{upw 15 @)y sup )IE"ff—E%fl}
< (007+7+1)E%|f|.

To see that W)E%Iﬂ (ngf)2 € GBF, (F), take I C F such that I 2 F’ for
some F' € € (F). Then we have

1 1
W/J’(ngf)g‘a = W/J Z (B f —EB%f) 1|0

F’ECMQ(F): F'CI

1
< Bl [l X @I ).
11, Jx FIe€y;y(F): F'CI
- 1
< EFIfIJrW/IIfIU
o 1 o o
< BR IS+ FrCoBR I, < (Co+ DER .

where Cj is the Calderén-Zygmund stopping constant. On the other hand, for
F' e Cbig , we have

|F’ / ‘ CF

B f —EZf| > (Coy + v+ 1) EZ [f| - Ef |f]

(Co+1) (BE |FD)
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5.2. Minimal bounded fluctuation. In order to continue the proof of Theorem
1, we must make a crucial decomposition of functions f € BF, (K) into bounded
functions and functions of minimal bounded fluctuation, the latter functions having
a great deal of additional structure owing to their minimal Haar support. We will
present the decomposition in three stages, first to bounded and simple functions of
bounded fluctuation, then to bounded and prebounded and prefluctuation functions,
and finally to bounded and functions of minimal bounded fluctuation.

We begin by recalling from Definition 2.1 that f € BF, (K) if it is supported
in K with mean zero, and equals a constant ax- of modulus greater than v on any
subinterval K’ where E%, |f| > 1. If we require in addition that

agr >, K’E]Cf,

then we denote the resulting collection of functions by PBF() (K). Recall also that
SBFY) (K) consists of those functions f € PBF, (K) for which f = ZK,E,Cf aglgr.
We have the following simple decomposition.

Lemma 5.5. Suppose that f € BFY) (K). Then we can write
f = h’bdd + h’—fi_luc - h]?luw
where hyqa € (LE), (o) and hfluc e SBFY) (K).

Proof. We simply define

+ —
hfluc = § : ax 1k,
K'eKy: apr>y
hjjluc = E CLK/]_K/7

K'eKy: apr<vy

h = 1 .
bdd f K\ U K

O

We now prepare to give our main proposition on decomposing a function of
bounded fluctuation into a sum of bounded and minimal bounded fluctuation func-
tions, which we refer to as restricted bounded fluctuation functions. We set

LY (o) = {feLoo(a):supprFand/fdaz()},
K

1F(0), = {FeLF @) 1fline <1}

Definition 5.6. Define the set of functions RB]—'E,W) (F) of restricted bounded fluc-
tuation on F by

RBFY) (F) = MBF) (F) + L (o), .

Next, we record a decomposition of f into prebounded and prefluctuation func-
tions in part (1) of the proposition.
Definition 5.7. Let v > 4. A function f supported on an interval K € D is a
prebounded function on K if

|A9fll, <4,  foralll€D.
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A function f supported on an interval K € D is a prefluctuation™ function on K,
respectively a prefluctuation™ function on K, (relative to v) if

sup AT f >~ and B |ATf] <2, for all T such that f(I) #0,
I

respectively
irIlf A?f;luc < —y and EF |ATf| < 2, for all I such that f(I) # 0.

The point of these definitions is that the following properties hold: the Calderén-
Zygmund decomposition of a prebounded function has corona projections that are
bounded, and the Calderén-Zygmund decomposition of a prefluctuation function has
corona projections that are of restricted bounded fluctuation. In general, neither of
these properties hold for Calderén-Zygmund corona projections of general functions
when the measure ¢ is nondoubling.

Finally, we note that our decomposition below is infinite, and necessarily so by
the example in the appendix.

Proposition 5.8. Suppose that f € B}'g’) (K) as in Definition 2.1 with v > 16.

(1) There is a decomposition
(5.9) f= Foad + Ffre = Friue

of f into prebounded and preﬂuctuationﬂE functions fpqq, fﬁuc, ff_luc on K,
i.e. k

|A] foaall,, < 4, I€D,

o+
AI ffluc

sup A ff, > v and B <2 [ D) #0,

n}f A?f):luc < _'Y a‘nd E? ‘A?fﬁuc S 27 f;luc (I) # 0

(2) There are collections of stopping data for fraq and ffiluw with stopping
times S and T+, and corona projections Joda,s = PZ, foaa and ffiluaT =
gTi ffizuc; that satisfy Carleson conditions

SIS, < 418, SeS,
S'cS
ST, < AT, TeTH
T'CT

and a quasi-orthogonal decomposition

(5.10)  f = fodd + fFie = Friues
= D haast D Shuer = Do Fruers
SeS TeT+ TeT —

2

2
L2(0) - Z Hffluc,T’

TeT-

2 2
ooy = S Woaaslay + 3 |[Fiue]
TeT+

9
L% (o
Ses (o)
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such that for all S € S and T € T+,

1
(5.11) o7 Jbdd,s < 1
5EZ | foadl Lo (S)
1 1
e Fer € RBFSH) (7).
30E% ffluc

+
Note that we do not assert any control on the averages E% | fpaq| and E% ) f Flue

in Proposition 5.8. The quasi-orthogonality in (5.10) is, together with (5.11) and
the Carleson conditions, sufficient to adequately control the L? (¢) norm of f.

Proof. We begin by applying Lemma 5.5 to obtain a splitting
f = hbdd + h}i_luc - h;lua’

where ||hpadl| o, <1 and hjfluc e SBFY) (K). If we write
h}:luc = ( g(hjﬂ”:luc) 1K +g]:£:luc7

y=1
then gfjtluc € PBF g ) (K) provided v > 1 is chosen large enough. Fix a sign +
and for convenience write g = gfluc momentarily. Since || 90 = 0 and g is constant
on each K’ € K, we have

suppﬁcl/C\gE{ICK:I¢K’foranyK/€ng}.

Now we split I/C\g into two pairwise disjoint subsets:

o /\, o 7_1 ‘ /\. ag 7_1
K, {IEICQ.HA]gHOO SQ}U{IEKg.sgpAIg> 2}

= I/C:7 (bounded) UI@ (positive) .

If we write Igmqn and Ijgrge for the two children of I where |Ismaul, < |liargel
then we have

(5.12) 7 9= (B5.,..09 ~ B79) pars + (Bf,.,,.0 — BIG) Lireryes

where

o’

EJ |g| <1and Y, |g| <1for I €K,

Tiarg

-1
since g € B]-"g =) (K). It follows that if [[Afg[l < 77_1, then in fact we have the
better bound [|Afgl| . <2, so that

(5.13) |A%g]l. <2, IeK, (bounded).
It also follows that if I belongs to IE; (positive), then

7-3
2

which shows that Isnan € Ky, ie. I € 7Kg, and in addition that

I I
<[B7 gl <Bf  lgl< e gyl < Mo

Tematt |Ismall‘g |Ismall|g’

2
Tsmatt], < —— 1], -
smalil, 7_3| o
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Now recalling that g = gﬁuc, we define

+ +
foaa = Z AT Gftues
IG)C/JL\ (bounded)
I¥fluc
+ +
Sfwe = > 19Ftue:
IEIC/; (positive)
I¥fluc
Joaa = hpaa + (E}T(h}rmc) 1k - (Etlj(h;mc) i + foaa = foaar

and note that so far we have shown
(5.14) AT foaallow < HA? {hbdd + (Eg(h}_luc> Ik — (chffh;luc) 1K} H
+ A (Fiha = Fraa) |l

oo

< 6+4=10, IeD,
supp ffiluc = K (positive) = 7K o

for v > 1 large enough. This establishes (5.9).
Now we apply a standard Calderén-Zygmund decomposition to fyqq to obtain
stopping times S with top interval Sy = K and
Child (So) = {S €D:S5C 8= K is maximal w.r.t. BZ|fyaa| > 4ES, |fbdd|} ,
Child(S) = {9 €D:S5 C S is maximal w.r.t. BZ |foaa| > 4B | foaal} -

We then have
Jodd = Z PCs foda-
Ses
Now comes the first crucial point. The functions P& fiqa are bounded by 5E | fpddl
if $ € S. Indeed, with the notation S = U S and § = S\ S, we have for
S'€Child(S)
S # So,

P2 fodal

IN

max {[|1PE; foaall oo » [15PEs foadll o}

IN

max {4E§ |foad|,  sup  [BZ foaqa — g'fbdd|} < 5EZ | foddl ,
S'€Child(S)

since (5.12) and (5.13) give
|ES fodd| < (|87 s foddlloo + [Brss foadl <1+ 4ES | foaal -

This completes the proof of the first half of (5.11).
Now we turn to the function ffﬁuc and apply a standard Calderén-Zygmund

decomposition to f;}u . and obtain stopping times 7 and coronas {Cr}per+ with
top stopping interval Ty = K such that

fﬁuc = Z Pngﬁuc'
TeT+
Let T € T+ and let Childr+ (T) be the collection of 7 *-children 7" of T'. We set

)

cr={recr: ffi.(n#0} =crnmk,

gfluc
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and denote by
¢+ (I)= ,Cng N Childr+ (T),

9fiuc flue
those T +-children 7" € Childr+ (T) belonging to ICg}Q . Now set

c

B —
@%wum:{weeﬁwawza “o S > (B+5)B% ||}
and define
7111T = Z AZp f
Tec (1)
9fluc
to be the Haar projection of f onto re® (T'). To orient the reader, we point
Ifrue
out that there are four pairwise disjoint classes of intervals K’ in K ok that are

subsets of T

Classr (1) = {K' € /Cg;fluc K € CT},

Classy (2) = Qﬁﬁcaﬁ\égngL

Classr (3) = QﬁixTL

Classt (4) = {K’ € ’Cgﬁuc : K' G T for some T € Childr+ (T)} .

For those K’ € Classr (1), we have

[Ir(’ (Png;Euc) -
and for those K’ € Classy (2), we have

Eg{’ (PgT f]j}uc)

(515) [Ir(’f;_luci %fﬁuc S 5E% fﬁuc

)

(5.16)

< |EU ' A:—K' f‘ + EZK’fEuc - E%fﬁuc

f;rluc f;rluc :

When K’ € Classy (4), the Haar projections A%, f are not included in the Haar

support of Pg_ f}’}uc. Thus it is the K’ € Classr (3) = Qlfﬁ) (T') that can arise as
fluc

< (B+5)ES

+ 5B,

the distinguished intervals for a restricted bounded fluctuation function, and this
is what motivates the definition of 1% above.

Suppose I is an interval in the dyadic grid D? that is not contained in any K’
in Classy (1) U (’lg;m (T'). We first note that

E7

+ +
ffluc ffluc .

Indeed, let L be the smallest interval in the corona Cr that contains I. From our
choice of I, it follows that either I = L € Cr and

< 4B

E? fﬁuc = Ei fﬁuc S 4E% fﬁuc ?
or the child L; of L that contains I is also in the corona Cr and

Set L* = L or L; according to whether or not I € Cr, and note that E |¢%“| =
ES. ||




HILBERT TRANSFORM, TWO WEIGHTS 53

Now comes the second crucial point. The definition of ffluc implies the inequal-
ities

1
and Eg[{/ AZK’ f < 0,

y—
o D [ >

as A7, f has mean zero. Thus the expectations Ef. A%, f all have the same sign
when L* C 6K’, and we conclude from our choice of I that

1
Ef [yr| = Ef. Y. And|= > L B3 f
T'eT}: L CoT’ T'€TF: L*COT’
< L- Orwe f

K’EClassT(l)U€g+ (T): L*COK'
Flue

o po f+
L* PCT ffluc -

+ +
(z*ffluc - E%ffluc

Moreover, for K’ € Classy (1) U Classy (2), we showed in (5.15) and (5.16) above
that

< 5ES,

B (PEffie) | < (8410057 ||
Finally, for K’ € Classrt (3) = Q;ﬁ) (T'), we have
fluc
el = B Y S| =|-BR (A5 f) + > NG f
Tec® (1) Tee® (1) K'coT
gfluc gfluc

> [B% (B7x )l - > N

Tee'®) (T): K'coT
gfluz‘
> (ﬂ+5)E% ff+luc _SE% ffluc :ﬂE% f;rluc .

B
It follows that |¢1T € MB]—'SBHO) (T), and the choice 8 = 20 gives

1
(B+10)EG| £ e

ol e MBFE) (7).
30ES.

+
ffluc

Now we define

VG = P&, ffrue — Vr = > N

K'’eClasst(1)UClasst(2)

and note that by the above arguments we have

¥z < (8+10)BF = 30E7,
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with the choice 8 = 20. Thus we have
1 1
7]?7710 T Pg + f?luc
30ES. | £ e 30B | fue|
o +
fﬁuc 3O]E’T ffluc

e L (o), + MBFYE) (1) = rBF) (1),

30ES,

which proves the second half of (5.11), and this completes the proof of Proposition
5.8. O

The following lemma is also needed in the sequel.

Lemma 5.17. Suppose that Cr is a connected grid with top interval T C F. If f
lies in BF) (F) (respectively RBF) (F)) with v > 0, then the Haar projection

%Png of %f lies in B]—'((T%) (F) (respectively RB}',(;%) (T)). If Cr is an arbitrary
grid with top interval T C F, and f € MBF) (F), then 3Pg.f € MB]-',(,%) (T).

Proof. We prove the assertion for RBF () (F), and leave the similar case of BF() (F)
to the reader. We may assume that either f € MBF) (F) or f € (LF), (o). Let
F be the connected hull of the Haar support of f (i.e. the smallest connected grid
containing the Haar support of f). In the case that f € MB}'SJ) (F), let ICf be the
intervals on which f takes a large constant value, while in the case f € (L¥), (o),
let K; = 0. The function PZ.f is supported in T, and will have constant value
greater than + on any interval F' € Ky whose parent wF” lies in Cp. Otherwise,
if z € T does not lie in such an F’, denote by Iy (x) the smallest interval I in the
connected tree F N Cr that contains x, and denote by I () the largest interval in
the connected tree FNCr that contains z. Then if I; () denotes the child of I (z)
containing z, it is not one of the F’ € Ky, and so we have

|PE, £ (x)]

> Aif(@)

IeFNCr
E%(z) |f‘ + E(Irg(w) |f‘ <2

E%(I)f(x) - ?2(m)f(x)

X
We conclude that 3P f € MB]—‘SZ) (T) or (LF), (¢). The final assertion for
f e MBF) (F) follows from the inequality B, A%, f < 0, K' € Ky, itself a
consequence of K¢, AZ ., f > 7771 and the fact that A7, f has mean zero. O

One final observation is in store here, namely that we can always assume -y is as
large as we wish in RBF, Eﬂ) (T) at the expense of dividing by a constant C,.

Lemma 5.18. We have RBF(" (T) C 1zt RBFS) (T) for 0 < n < v < oo.

Proof. Let f € RBFY (T) with f = g+ h; g € (L), (0) and h € MBF (T).
Then set

o o
hbdd = E AﬂK,h and hfluc = E AWK/h,
K’'ekn: B, g<2v K’ekn: B, g>2v
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to obtain gt hpaa € (L), (0) and $hgiue € MBFS) (T). Then -t f equals

151 (9 + hwaa) Plus 55 hfrue, which is in RBFS) (T). 0

5.3. The energy corona and stopping form. In order to proceed with interval
size splitting we must first impose an energy corona decomposition as in [NTV4]
and [LaSaUr|. Recall the energy E (I,w) of a measure w on a dyadic interval I is

given by
1 z—Evx\? 1 T
e = - [ (B ) aw@ = X |(ns)
i, L\ 1 2\ ™),
where the second equality follows from the fact that the Haar functions {h%};_;
form an orthonormal basis of {f € L? (w) :suppf C I and [ fdw = 0}. Recall also
that J € I means J C I, |J| <277 |I| and that J is good - see Remark 3.26.

2

)

Definition 5.19. Given an interval Sy, define S (Sp) to be the mazimal subintervals
I C Sy such that there is a partition J (I) of I into good subintervals J € I with

(5.20) > L E(Jw)?P(J15,0)* > 10€? |1,
JeJ ()

where € is the constant in the energy condition

> LI, ELw)* P (1, 150)* < € 1),
IDU‘Ii

Then define the o-energy stopping intervals of Sy to be the collection S = U Sn
n=0
where So = S (So) and Sp+1 = U S (S) forn > 0.
SeS,

From the energy condition we obtain the o-Carleson estimate
(5.21) > oS, <21, IeD.
Ses: scI

We emphasize that this collection of stopping times depends only on Sy and the
weight pair (o, w), and not on any functions at hand. There is also a dual definition
of energy stopping times 7 that satisfies an w-Carleson estimate
(5.22) >, <21, JeD*
TeT: TCJ
Finally, we record the reason for introducing energy stopping times. If
1

5.23 X (Cg 2= sup —— sup J| E(J,w ’p J,1g0 2
( w
IeCs ‘I|o' partitions J(I) of I Jeg ()

is (the square of) the stopping energy of the weight pair (o, w) with respect to the
corona Cg, then we have the stopping energy bounds

(5.24) X (Cs) <V10€, SeS.

Later we will introduce refinements of the stopping energy that depend as well on
the Haar supports of the functions f € L? (o) and g € L? (w) at hand.



56 E.T. SAWYER

5.4. The parallel triple corona decomposition. Here is our triple corona de-
composition of f € L? (o). We first apply the Calderén-Zygmund corona decom-
position to the function f € L? (o) obtain

f= Z ngf-

FeF
Then we apply part (1) of Proposition 5.8 to write

Pg%f = (Pg%f) bdd + (Pg%j):luc * (Pg%f)fluc7
+

where m (Pg% f) b is a prebounded function on F' and m (Pg% f) e is a

prefluctuation® function on F. So as not to further clutter notation we will drop this
distinction, and simply write P"; f with the understanding that P"; f represents
E% | f] times either a prebounded or prefluctuation function on F.

We then iterate with a second Calderén-Zygmund corona decomposition as in
part (2) of Proposition 5.8, and use Lemma 5.18 to ensure that the minimal bounded
fluctuation functions have v large. Lemma 1.12 on iterating coronas then gives us
stopping times I = K (F) and stopping data axz) (K) for f, along with the double
corona decomposition
(5.25) F=)Y Pef= > P&lf

FeF KeK(F)
Keeping in mind our understanding regarding P"}Um f above, we have the following
estimate for PZ, f where we define Fx € F to be the unique stopping interval in

F for which K € C% (recall we have arranged for v to be large at the expense of
increasing the constant C., below).

Lemma 5.26. For K € K(F) and Fg such that K € Cg, _, we have
1
&, | € RBFY) (K).
¢, (2% [Pe;, f])
Proof. Let F' = Fi. By Lemma 5.2, we have
1
(5.27) h= PE. f € BFS) (F),

(Coy+v+1)EL |f|
and then by Proposition 5.8 and Lemma 5.18, we conclude

1 1

(oa PO'U — Po'gh
W= Ep

cEtcC
By |Peg S| "

e RBFY) (k) c4(y+ 1) RBFD (K).
O

We then finish our triple corona decomposition of f in (5.25) as follows. For
each fixed K € K (F), construct the energy corona decomposition {CZ}¢. S(K)

corresponding to the weight pair (o,w) with top interval Sy = K, as given in
Definition 5.19. Recall from Lemma 5.26 that

1 Pg. f € RBFY) (K).
Pe; 1)

hKE

c, (B
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We now modify S (K) by adding the intervals K’ € Kp,. to S (K) and removing
from S (K) all the intervals S that are strictly contained in some K’ € Kp,,. We
denote this modified collection by &' (K). Of course, if hg € (L%), (0), then
Kh, = 0 and no modification is made, so that S’ (K) = S (K).

We then define stopping data {as/(K) (S) }Ses,(K) for the function Pcs_f relative

to the modified stopping times S’ (K) as follows. For K € K (F) define

(S) = 20 (K) for SeS8 (K)\Kn,
As () W)= ak (K for S € Kn,

Then properties (2) and (4) of Definition 1.8 are immediate. Property (1) follows
since if I € Cf, then

B |Peg f| < 287

Pc;Kf’ <2ar (Fk) < 2ax (K).

Property (3) follows because (5.21) gives

2 2
Z aS’(K)(S)2|S|g S / Z as/(K) (S)ls d0+/ Z as/(K)(S)ls do
Ses!(K) SES (K)\Kh Se)ChK
= > dog (K 1SNS',+ > « ) |K|,
S,S’ES(K)\IC;LK K'€ln
< Sac (K >0 N 1sns, + Y e (KK,
SES(K) §'eS(K) K'€Kn
s'cs
< 16ax (K)* > IS+ Y. ax( ) IK|,
SeS(K) K'€Rn

< 6ok (K)' K|, + Y ax (K |K'], < [[Pex
K'GK;LK

At this point we write S (K) in place of S’ (K) and apply Lemma 1.12 to obtain
iterated stopping times S (K (F)) and iterated stopping data {a.s(xc(#)) (S) }SGS(IC(]-'))'
This gives us the following triple corona decomposition of f,

GI)= D> PEf=> D> PELPLf=> > > P&PPS

FeF FeF KeEK(F) FeF KeEK(F) SeES(K)
= > D Pqaegf= Y P&
KeK(F) SeS(K) SES(K(F))

as well as a corresponding triple corona decomposition of g,

(529) = > Pég=) D P&Pag=> >, > P&P&LPEY

Geg Geg LeL(G) GeG LeL(G) TET(L)
= > D Phners= Y Péo
LelL(G) TeT(L) TeT(L(G))

We emphasize that the energy coronas S and 7 are independent of each other, in
contrast to the usual constructions in [NTV4] and [LaSaUr], where 7 is derived
from S. Using Lemma 5.17, we have the following extension of Lemma 5.26.
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Lemma 5.30. For S € S(K(F)) and T € T (L(G)), and with corresponding K, F
and L,G as above, we have

1
P, /)
1

¢ (B2 [Pz, o)

Now we apply the parallel corona decomposition as in (1.7) corresponding to the
triple corona decompositions (5.28) and (5.29). We obtain

. Peince f € RBF(S),
o (w%

Péurceg € RBFS(T).

Hofighy = DD D23 35" (Ho (PegPEPE, f) PE:PEPEg)

FeF KEKSeSGeG LELTET

= X Y X X (HePlcp f-Péincya)
KeK(F)SeS LeL(G)TeT

ST
A€eA BeB

= Hpear (f7 g) + Hdisjoint (f; g) + Hfar (.fv g) )

where

A=S(K(F)) and B=T (L(9))

are the triple stopping collections for f and g respectively. We are relabeling the
triple coronas as A and B here so as to minimize confusion when we apply the
various different estimates associated with each of the three corona decompositions
of f and g. We now record the two main facts proved above.

Lemma 5.31. The data A and {aa (A)} 4c 4 satisfy properties (1), (2), (8) and
(4) in Definition 1.8, and similarly for the data B and {5 (B)} gcp. Moreover, we
have the estimates

1
—FPZ, ) (4
C»YOLA(A) CAf € RB]:U ( )a
1
—P%, RBFY) (B
0765(3) CBg € fw ( )7

where the constant C,, depends only on v > 0, which can be taken as large as we
wish.

Thus we can apply the Iterated Corona Proposition 1.11 to the parallel triple
corona decomposition (1.7):

<H0'fa g>w = Hnear (f7 g) + Hdisjoint (f7 g) + Hfa'r (f, g) .
The result is that

|Hfa7' (f7g)| 5 (msm) Hf||L2(a) ||g||L2(w)

Moreover, Lemma 3.1 implies
Haisjoint (f; 91 S (MEZV) (£l L2 (o) 191l 2wy »

and so it remains to deal only with the near form H,cor (f,9)-
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We first further decompose Hyeqr (f, ) into lower and upper parts:

Hnear (f7 g)

Z + /H PCA PCBg)w

(A,B)ENear(AxB) (A, B)ENear AxB)
BCA

H’IL€(1/I' lower (f7 ) + H'nea'r upper (f’ ) )
> <H Pes 1, ngg> ;

Hnea'r lower (f? g)

AcA
Qs = Y~ AY where CY = U C%.
JeCa BeB: BCA

(A,B)ENear(AxB)

Thus we have that Q¢ =Y pes: Bca PgB is the projection onto all of the
Ca (A,B)ENear(AxB)
coronas Cy for which B is ‘near and below’ A. By symmetry, it suffices to consider

the lower near form Hnear lower (fa g)

5.4.1. Reduction to restricted bounded fluctuation. By Lemma 5.17, the function
sz f is an appropriate multiple of a function in RBF 5,7) (A). More precisely, if
A=S5€eS(K(F)) and Kg is the unique interval K € K (F) satisfying S € S (K),
then szf = ngmcg(sf and

1 o
fs= Pezrcy [ € RBFY (S).

C, | Eg. |PS,
)
By the definition of RBF{ (S), we can write

ngmc;’(sf = s+ s

where
1
(5.32) pg € (LF), (o),
o, (m% P, 1))

Kg
and
(5.33) ! s € MBFO (S) .

ACA)
S

We now apply, and for the only time in this paper, the first of the indica-
tor/interval testing conditions in (1.3) to obtain

(Hops.Q20) | < Tinad (E;z 2.9

Pg%KS‘f’) ‘S|0'

L2(w) |

If we can also show that
(5.34)

(Hos,Q%,0) | 5950 {Ioslizg +5 (B

ez, fD S| }Hchg

L2(w)’
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it then follows that
|(HePE; . Q30), | = [(HePEznc, £:Q%;), |

o (35 P, 1]) V151 oz
NTVina {H ng,f’

iy Faa 14, [z,
and hence that

Hncar touer (£:9) < 3 |(HPE, £,Q29)

NIV (Z {’

A

NI { H PEsres

s L2(w)

Q

L2(w)

w ‘

A

Pe: /

2 2 % 2 %
+aq(A Ao} HQ%“g
AcA L2(o) A4 fé;c\ A )
S ‘ﬁfmmd ||fHL2(0) ||gHL2(‘*’) :

Thus we have proved the following reduction of the two weight inequality for the
Hilbert transform to testing restricted bounded fluctuation functions in (5.34).

In order to state the inequality precisely, we need two definitions. First, we
introduce a refinement of the stopping energy in (5.23) that depends as well on
functions f and g.

2

Definition 5.35. Given g € L? (w), define the g-energy E, (J,w) of an interval J
2 2 1
Eg(Jow)’ =Eg (Jyw)’ = — Y

by
L he,
o fgg 1IN w

where G is the Haar support of g and Eg is defined in (3.7). For an interval I,
let Ty (I) consist of the maximal intervals J in G that satisfy J € I. Then given
f € L% (o) and g € L% (w), define the stopping energy X (f,g) of the pair (f,g)
on S by

b

1 2
(5.36) X% (f,9)° =sup— > |J|,Eg(Jow)* P (J,1s\s0)" .
rer U, |
€T, (D)

Second, we introduce a subspace L% (w) of L% (w) that has a small amount
of structure relative to the interval A, and which will play a role in reducing to
stopping forms below.

Definition 5.37. Define g € EZ (w) if
9= Qggg = Z ngg ) C% = U Ch
BeB: B~A BeB: B~A

where the coronas {Cg}BeB- Bea 0re as above, satisfy an w-Carleson condition,

and
1

BCa)

where B=T, ngg = P‘g;mchg.

Péancs g € REBFO)(T),

Here is the reduction we have proved above.
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Lemma 5.38. The two weight Hilbert transform inequality (1.1) is implied by the
following minimal bilinear inequality with best constant M, and its dual inequality
with best constant I*:

(5.39) \(Hofog),| <O (||f||Lz<a) ry |A|g) 190220
for f € MBF) (A), g € L% (w) and X (f,g) < V10€.

The occurrence of f € MBF{) (A) in (5.39) as a minimal bounded fluctuation
function is the best that can be hoped for regarding f. But we still have two
problems with g € L? (w): first, that ¢ is an unbounded sum of restricted bounded
fluctuation functions; and second, that these summands are not minimal bounded
fluctuation, just restricted.

6. INTERVAL SIZE SPLITTING

It remains to estimate (H, f, g),, in (5.39) for f € MBF() (A) and g € L2 (w).
For this we will finally resort to the original interval size splitting of Nazarov, Treil
and Volberg. We will expand the functions f and ¢ in their Haar decompositions
over I € D7 and J € D¥ respectively, and then apply the NTV splitting according
to the relative length of the intervals, |J| < |I| or |I| < |J|. The key advantages we
have that permit this splitting to work in the current situation are that

. P (,Y) . _ w
(1) The furictlon [ lies in MBF;" (A), and the function g = > 5.5 goa Péug
lies in L (w);
(2) We have a stopping energy bound,
(6.1) X (f,9) <V10€=Cx < VA + T,

where X (f, g) is the stopping energy as defined in (5.36) below.
(3) There is also a dual stopping energy bound
(6.2) X' (fB,98) <Cx SV A2+ %,
for the corona decomposition {C3} 5.z, Where fp,gp are defined below.
The boundedness of the form

B (f,9) = (H.f.9),

in (5.39) is implied by boundedness of each of the split forms Be (f, g) and Bs (f, g)
introduced in [LaSaShUr],

BZ(f.9) = > (Hy A7 £,059),,,
(I,7)e(cancs)xcy
Jel
BA(f.9) = > (DS f,H, A g),
(I,7)e(canes)xcy
IeJ

where the presence of the superscript A in the forms B4 (f,g), B2 (f,g) and
B4 (f,9) indicates that f and g are as in (5.39), and C% is defined in Definition
5.37.

Now the function ‘on top’ in the form B4 (f, g), namely f, has the special prop-
erty of belonging to MBF, (A). The function ‘on bottom’ in the form, namely g,
lies in the broader space L2 (w), so in particular in L% (w), and the pair satisfies
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the stopping energy bound in (6.1). We say that such a form is of type MBF/L?,
reflecting the fact that the top function is MBF and the bottom function is L2.
However, the ‘top’ function in the form B4 (£, g), namely g, fails to be MBF, rather
it is a sum of such, and so B2 (f, g) is not a form of type MBF/L?. Before we can
proceed with an application of the NTV method, we must further reduce the bound-
edness of the form B4 (f, g) to that of simpler forms. Recall that g = > 5. 4 P‘é’gg,

and write
0= Y X (s (k).

Br~A(1,0)e(cancy ) xcy
IeJ

We claim that boundedness in (5.39), modulo (NTV) | fll 12, [19]l 12(), of the
form B# is implied by boundedness in (5.39) of the local form

Bg, local (fag) = Z ap (B) BS,B (foQB)Q
B~A
B2 4 (fs.98) = > (A f5, Ho DY gB),,
(I,J)e(CanCy)xCH
IeJ
_ PO' _ 1 PUJ
fB = CZHCEfv gB = m cg 9

The key point here is that the difference of the forms in question is given by
(6.3)

Bg (fvg) - Bg, local (fvg) = Z Z <Al;fan Au,]} g>o' = Bmix (f7g)7
B~A (1,0)e(cancy ) xcy
IeB’'ecp(B)

and so the estimate for B, ( f g) in Proposition 4.2 applies to prove our claim.
Altogether we have shown that (5.39) will follow from the two inequalities,

B2 (f.9) <||f|m<g) L, ) ol
(

forfeMBfW) A), g€ L4 (w) and X4 (f,9) < V10€,

and

5" an (8)82 5 (92| £ 90 (Il + 141, ) ol
B~A
for f € MBF) (A), g € L% (w) and X4 (f,g) < V10€,

a 1 w
fB= Pczmcgf, 9B = mpcgg-

Moreover, the second inequality will follow from Cauchy-Schwarz and

B2 5 (f5,95)| < Ol e (ngw(w) n \/|B|w) ,

fz € MBF,(B), g € RBF.,(B), X2 (f,9) < V10C and (XB)/ (f.g) < V10¢€.

Now each form BS  (f5,gp) has its ‘top’ function gp = aB(B) P¢, g in RBF., (B),
and its ‘bottom’ function fp = Pg;,1 mcgf in MBF, (B), and finally the pair satisfies
the stopping energy bound in (6.2). We say that such a form is of type RBF/MBF.
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Thus we have reduced matters to bounding forms of type MBF/L? and RBF/ MB.F.

Note that in both inequalities, the lower function has only its L? norm appearing
on the right hand side, without the measure of its supporting set.

6.1. Reduction to stopping forms. Now the boundedness of B¢ g reduces to
boundedness of the three terms By, By and Bs on page 11 of [LaSaShUr]. Here
the term Bs is controlled by the NTV constant MT%U, term B; is controlled by the
functional energy constant §, which by the Functional Energy Proposition 4.22 in
this paper is controlled by M%Y, and finally where the term Bs is the form,

Bi(f)=Y. S (Bf, A7F) (Holi,. %),

IcF J: Jel and 15=1I;4

where F is the Haar support of f. We are here considering the case I; = Iy,
because when I; = Iq1, We can simply use that the I; are pairwise disjoint.
Note that here f is, when appropriately normalized, a minimal bounded fluctuation
function on A, while g = P%,g is in L? (w), and because of the restriction J € T

and I; = Ip;g, the function g lies ‘underneath’ f.

In similar fashion, the boundedness of the form B p reduces to

Bi(fp,98)= Y. > (BS, A% gp) (ATfE Huly,),

JEGNCE I: 1€ J and Jr=Jpig

where G is the Haar support of g. Note that here gg = P‘é’gg is, when appropriately
normalized, a restricted bounded fluctuation function on B, while fp = Pgs o f is,

when appropriately normalized, a minimal bounded fluctuation function on B, and
because of the restriction I € J and Jr = Jy;4, the function fp lies ‘underneath’

We now use the ‘paraproduct’ trick of NTV, namely that boundedness of Bs (f, g)

is equivalent to boundedness of the stopping form

Butop (f,9) = Y > (B, AT f) (Hols\r,, M%),

IeF J: Jel and IJ:IMQ

and similarly, that boundedness of B (f5, gp) is equivalent to boundedness of the

stopping form BY,,, (fB,gp). Thus we must bound the stopping form B¢,y (f,9)

in two cases, MBF/L* and RBF/MBF.

We emphasize that the Functional Energy condition defined in [LaSaShUr| uses

Calderén-Zygmund stopping intervals to separate pairs of intervals, and is conse-
quently identical to the Functional Energy condition (2.6) defined here.

The above considerations have reduced the two weight inequality (1.1) for the

Hilbert transform to the following two inequalities involving the highly nonlinear
form Bgtop-

Lemma 6.4. The two weight Hilbert transform inequality (1.1) is implied by the

following nonlinear inequalities with best constants B

MBF/L? d %RB}'/MB}"
stop stop :

MBF/L? /
(65) |Bstop (f) g)| 5 %stop]:/L (||f||L2(0') + |A|o') Hg||L2(w) ’
for f € MBFJ)(A), g € L} (w) and X* (f.g) < V108,
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and

’RB}—MB}—
(6.6)[Butop (f,g)| < BREZ (||f|L2<a)+\/|A )ngnm,

for f € RBFD)(A), ge MBFY) (A) and X (f,g) < V10€,

MBF/L? « 1 0y REF/MBF =

along with their ‘dual’ formulations with best constants B, stop

Note again that as observed above, the lower function g has only its L? (w) norm
appearing on the right hand side. The first inequality (6.5) is taken up in the next
subsection. The second inequality then follows almost immediately, and is treated
in the final subsection.

MBF/L?
stop

6.2. Boundedness of the MBF/L? stopping form. We show that B
is controlled by the NTV constant 91TU.

Proposition 6.7. Let o and w be locally finite positive Borel measures on the real
line R with no common point masses. Then

BMBF/L < maey.

stop

Proof: Let F and G denote the Haar supports of f € MB}"S’) (A) and g €
L% (w) respectively. Define

P(f,9)={I,J)e FxG:JEIand I; = Iyg,}.
Then

> > (B, A7 f) (Hols\s, O%9),,

I€eF J: Jel and Ij=1Iy;y

= Z (BT, AT f) (Hols\1,,259),

(I, 1)eP(f.9)
Given a subset P of P (f,g) we define

BZ&op (f,g) = Z ( ?J A? f) <Hg].S\IJ7A§g>w

Bstop (f7 g)

(I,J)eP
and
size (P) = sup E 7,07 f
L hcA I: there is (I,J)EP

JCcI,CI

Clearly we have size (P) < 1 since f € MBFY) (A).
Here is the main lemma.

Lemma 6.8. Given P C P (f,g), there are subsets Pyig and Psmau of P such that
P = Pbig U P&'rnall y
P X3
B (L) 5 (V) size (P) \/I4], lglaq.,

< gsize (P).

A

size (Psmaii)
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This lemma proves Proposition 6.7 as follows. Apply Lemma 6.8 to Py = P (f, g)

to obtain (Py),;, and (Po),,,qy- Then apply Lemma 6.8 to P =
obtain (P1),;, and (P1),,4y- Continue by induction to define P, =
for m > 1. Then Lemma 6.8 gives

3
size (P,) = size (Pm-1)anan) < Zsme(Pm_l)
3 m ) 3 m
< ..<(4> 51ze(770)<<4) ,
and so also
(Pm ig
o (L) S (D) size (Pu) \/IAl, N9l
< () (4) NI
Since P (f, g9) U blg,we thus have
m=1
(Pm ig
|BSt0P (f’ g)‘ = stop " .fa
S ;mm (3)" VA el

< 10) /1AL, ol e -

(Po)small to
(Pm—l )small

Proof. (of Lemma 6.8) The two key properties of f € MBF() (A) that we will use

are
Ef, A7 f>0and Y B A7f<1
I: JCICA

Consider those intervals I; that are maximal subject to the condition,

3
o o :
Z 7, AT = ZSHG(P)’
I: there is (I,J)EP
JCcI,CI

and choose one of them with maximum length. Define

R = {{I,J)eP:JcCCl};
Pl = P \ R .
If Iy, ..., I,,_1 have been chosen, then consider those intervals I, that are maximal

bubJect to the condition,

3 .
Z ?J A? f > ZS]ZG (P7n—l) 3
I: there is (I,J)EPm—1
JCI,CI

and choose one of them with maximum length. Define
Rm = {(I,J)€Pp_1:J CI, CI};
Pom = Pui\R,,.
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It is easy to see that the collection of intervals {I,,} -_, is pairwise disjoint.

Indeed, this follows from the choice of parameter % in the maximal conditions.
Next, we define

Psmall = P\ (U Rm) )
m=1
and we have the inequality

size (Psman) < %size (P).

Now we have

stop (f’ ) = Z ( ?,1 A}T f) <HU]‘S\IJ’A§9>W
(I,J)ERm
< < Z 7, AT f) <Hals\1ﬂ Z A“jg>
I: I,,CICA J: JCIm w
< <Hals\1J, Z A§!J>
J: JCIp, w

since B7 A7 f > 0 and > 1.c1cAB7, A7 f < 1. From the monotonicity property
and the energy bound, it now follows that

8%, (/:9)| S (MTV) /1Ll lor,,

Lz(w) 9
where gr,, =325 ;1. 899
Thus with
oo
Prig = U R
m=1
we get
(o)
73 i Rom
atbo; (f7 )‘ S Z 5top ’
m=1
oo
< Z (NZTY) Lnl, gz, L2 (w)
m=1

5 ‘JI‘IQT (Z ‘Im| ) <Z glmiQ(w)>
m=1
< o)Al gl

since the intervals I,,, are pairwise disjoint, and the functions g;,, = A%g are thus
mutually orthogonal. O

6.3. Boundedness of the RBF/MBF stopping form . We have already done
all the work needed to bound the RBF/MBF stopping form. Indeed, we have

proved above the following inequalities for f € RBF) (A) and g € MBF (A),
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when we have both the energy stopping bound X% (f,¢) < v/10¢ and the dual
energy stopping bound ( ) (f,9) < V10¢:

|Ho (f.9)]

|Hs (f,9) — {Be,a (f,9) +Bs,a(f,9)}
|BC stop (,9) = Be,a (f,9)]

BS siop (f29) = Bs 4 (f,9)]

!Bg,stop (f, 9)|

for the stopping form corresponding to Be 4, and

NTDina [/l 22(0) 191l 20 3
NTY ||f||L2(a) ||9||L2(w) ;
NI £ 20 1920
NEY | fll 22 (o) N9 22 () 5
NTY ||f||L2(a) ||9||L2(w) ;

AR VAR VAR AR YA

where we are writing B2
BA

3,stop
lows from Proposition 6.7, because in the form Bg,stop (f,9), it is g € MBFY) (A)

that is the function on top. Thus we conclude that for f € ’RB]—"EJ) (A), g €
li
MBF() (4), XA (£,9) < VIOC and (X*) (f,9) < VIOE, we have

€,stop
for the stopping form corresponding to B5 4. The crucial final inequality fol-

Cstop(f7 ) = Cstop(f7 ) B@,A(.f)g)
+B@,A(fa )+B§,A(fag)7Ha(fag)

Ho (f,9)
_BD A(fa ) g,stop (f?g)
D ,stop (f? ) ’

and so |Bé,stop (f, g)| is bounded by Cmgmlnd ||f||L2(¢7) ||g||L2(w)

7. APPENDIX

7.1. Equivalence of indicator/interval testing conditions. It is easy to see
that the bounded function f in (1.3) can be replaced by xp for every compact
subset E of I. Indeed, given g € L? (w) and I an interval, define F, ; = %.
Then we have

1
2
sup </HU (le)2w> = sup
IF1<1 \J1 \f|<1\|gHL2<w)<1
sup  sup /Hw (x19) fo| =  sup /Hw (xr9) Fy.10
lgll L2y <1IfISTIJT llgllL2@)y<1J1

1

2

= sup /HU(XIFQJ)Q </H XrF, ) :
||9HL2(W)§1 I HQHLQ(W)

Since Fj 1 takes on only the values £1, it is easy to see that we can take f = xp
n (1.3) if we double the constant.

/H (xr.f) gw’

7.2. Infinite bounded fluctuation decomposition. Here we show that the
number of terms in the decomposition in Proposition 5.8 cannot be bounded, thus
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necessitating the elaborate decomposition there. For n > 0, define dyadic subinter-
vals I, J,, of [0,1] by

In = [O, 27’”] y

Jn = In \ In+1 = [27”717 27”] )

and define a positive measure o on [0, 1] by

o i (a L 1;, +71 1 1 )
= k17 | k17 L1J .
|J2k‘ Jok ‘J2k+1| k41

k=0

Then define positive functions f, g and h = f + g on [0, 1] by

o o0
f = kalsz g = nglJzk+1'
k=0 k=0

Lemma 7.1. If

fe=v>2, gk =

DN | =

for all k, then
71 o (3)
h=3 {h - (E[0711h> 1[071]} e BFy* ([0,1)).
Proof. We compute using
1 O+ Tk

Yokt 5Tk =Tk = —3 ;
2 77 +1

that

/ ho =
Iap

>

o0 oo
(fxor + 96Tr) Z(’YUkJr Tk)
k
> Ok + Tk 1 /

= 1 ag.
k=¢ ﬂ+1 ﬂ"’l Iz

We also have

/1 ho Z kak-f—ngTk—*Te Z (WUIH- Tk)
2041

k=0+1 k=0+
O’k —+ Tk /
= 777 —+ E = ¢
k=0+1 27 Iopy2
1 / n 1 /
= - g g
1
2 J2041 2~ +1 I2p42
Thus
1 _1
ap 1 B A 2 fJ21+1 o+ %+1 ff2z+2 g
L= T Togpa 't =
2y +1 sze+1O-+ffge+20

In particular, Efh <1 on I,, n > 0, and since h is constant on every other dyadic

~ x
subinterval of [0, 1], we conclude that h € B]:((,z) ([0,1)). O
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Lemma 7.2. Let f, g and h be as above, and let %71 > 2C > C > 1 be fizved
positive constants. If there is a decomposition

h=F+G

where F € RB]—‘S%) ([0,1]) and G is bounded by C, then

F= E:AM~

Proof. The Haar support of h — E‘[’O 1]h is contained in the collection of intervals

{In}:):o = {IQZ};.;O U {I22+1};i0 = Keven U ICodd~

Since G is bounded by C' on Is¢, and h = =y on Jay, we must have F' = h—G > % on
Jog, and it follows that the Haar support of F' contains Kyer,. Now on the intervals

Io41, the average of ‘%’ on each child of Isy is at most 1, and it follows that

Koda is disjoint from the Haar support of F' (we need « sufficiently large here, e.g.
v > 4C +5). Thus we have that the Haar support of F' is precisely Keyen. O

Thus if f, g and h are as above, we conclude that

G= }:Amﬂﬁ

We now compute that on the left child Iop49 of Ispy1 we have

% f} + f{
~ 1 +
h - h E h e ! 2

Iap 41 Iopq2 Topq1 = 1 -
2y +1 fJ22+1 o+ f122+2
_ (L 1 _1
(fJ22+1 g+ f12£+2 J) (27 + 1) (2 fJ22+1 o+ o1 f12£+2 J)
1
(Z + 1) f122+1 g

11
(iiﬂ)fJ2g+1O'_117%fJgg+la llfﬂ Te

- 1 [} 3 )
(35 +1) Jrr o 21435 Jn 0 214 55 Do T Xien O

so that
1
5 1+ 3y E‘IT ( }' ?L) _ Ty
1 ) ) = S £ 1
1— = 2042 2041 Zk:é T + Zk:é-}-l ZTk

> Te 1 Ty
3 < 1 - 1 53 .
Dkt Tht e 5 Th Lt g D Th

Thus the left children have expected value that is positive and

0o » 1 1— QL o'} T
o a 24 —
Z E122+2 (A122+1h)‘ > 5 2 Z ZOO - -
=0 (1 + %) (=0 k=t "k
Note that the sum >, Z"" — diverges for any decreasing sequence {7k} g Of

positive numbers with finite sum (apply the integral test with f (¢) = 7, and use
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fooo fs(f} dx = 00). Thus we see that for x € Jo, 1 we have

G (1') = Z A122+1h x = ?271,4-1 + Z A12£+1h x
1 n-1

~ 1-—
_ o 2y
- J2n+1h’ EI? +1h+§ :E12£+2 ( 124+1h) > 2 ZOO P
(1 + 7217) (=0 £k=t "k

T

which tends to co as z — 0.

Conclusion 7.3. Suppose v > 4C +5,C > 1. Then there exists h € BFS (0,1])

L_l
such that there is no decomposition h = F + G with F € ’RBJ’:((T ! )([O, 1]) and
Gl <

Remark 7.4. The measure o can be taken comparable to Lebesgue measure, namely

; _ —_ 9—2k—-2 _ 1 9-2k-2
’U}Ztth—|J2k+1|—2 andak—§2

)

oo

1 1 [ 1
o= Z <0'k|J2k|1J2k + Tk|J2k+1|1Jzk+1> = Z <471J2k + 1J2k+1) :

k=0 k=0
Note however that the doubling eccentricity of o is 27, essentially the smallest

ol
eccentricity possible for the existence of a nontrivial function in RB}'((;Q) ([0,1]).

Remark 7.5. The conclusion is easily extended to show that for each positive
integer N € N, there is hy € BF) ([0,1]) such that there is no decomposition

hy =N F,+ YN G, with F, GRBf( )([7 1)) and |G, ||, < C for each
1<n<N.
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