From last time

The following are equivalent:
Q@ 7 isstable.
© T does not have the order property.
© T supports a stationary independence relation.

©Q (L separable) For all (any) separable models of T, the
ultrapowers with respect to non-principal ultrafilters on N
are necessarily isomorphic.
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From last time, cont’d

Suppose that (/, <) is a linear order and (a; : i € [y is an
l-indexed sequence in some model M. Then this sequence is
said to be indiscernible if whenever iy < i < ... < iy and
h<jp<...<jpthent(a, ...a,) =t(a,...a,)

Suppose that M is a non-compact metric structure. Then for
any (I, <) there is an M' = Th(M) and an I-indexed
non-constant indiscernible sequence in M'.

@ Example: In an infinite dimensional Hilbert space, an
orthonormal set is indiscernible ordered any way you like.

@ The sequence which witnessed the order property for
Urysohn space was also indiscernible ordered in the way it
was given.
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Order implies unstable

Corollary (to the previous proof)
If T has the order property then T is unstable.

@ Proof sketch: Fix ¢(X, y) and r < s which witnesses the
order property. Using the same style of proof from the
previous theorem we can prove that for any ordered set
(I,<),we can find M = T and l-indexed indiscernible
sequence (g;b; : i € I) such that ¢(a;, bj) < rif i < jand
(p(a,',bj) =sifi>].

@ Now fix a cardinal A and choose « least such that 2% > \.
Then k < Aand 2<F < A,

@ Order 2" by n < u if, for the greatest « such that
Nla = pla na) < p(e).

@ Identify 2=" with those elements of 2 which are eventually
0.
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Proof cont'd

@ Pick a model M and a 2"-indexed indiscernible sequence
(apby, : n € 2") ordered by .

@ Let B={b,:ne2"}, asetof size <\

@ For n e 27\2=", consider all the types t(a,/B). Now if
n < u, choose i € 2<% such that n < i < u. Then

p(ay, bp) < rand p(a,, bg) = s

@ So t(a,/B) and t(a,/B) are not equal. Moreover, if e = &L
and we choose ¢ from the continuity modulus for ¢ in the
x-variable, we see that t(a,/B) and t(a,/B) are at least ¢
apart so x(S(B)) = 2" > A and x(B) < A.

@ Bisn’'t a model but we could extend B to a model of the
same density character and we would still have too many
separated types over this model.

@ So the order property implies that T is not A-stable for any
A
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Corollary

@ In fact, we can say more (and this will be useful later): The
previous proof showed that if ¢ has the order property then
for every \ there is a model My with x(M,) < X such that
X(Sp(My)) > XA where S,(M) is the set of p-types over M.
The metric on this space of types is given by

sup |p‘19(va) _ q‘p(va)|
beM
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Unstable implies order

We say p(x) € S(M) is finitely determined if for every formula
»(x,y) and every € > 0 there is a finite B< M and § > 0 such

that for all ¢1, co € M, if

max |p(b, ¢1) — (b, c2)| < 6
beB

then
|pso(x,01) _ pw(x,02)| <e

The following are equivalent:
@ 7 is stable.
© T does not have the order property.
© Forevery M =T, every type in S(M) is finitely determined.
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Unstable implies order: proof

@ We just proved that 1 implies 2. Let’s show that 3 implies 1.

@ Fix X such that \X(t) = X\, Thenif M = T and x(M) < ),
there are at most AX() = \ many types in S(M) by finite
determinancy. So T is \-stable.

@ We show now that the failure of 3 implies the existence of
order. So fix a type p(x) € S(M) which is not finitely
determined say witnessed by a formula ¢(x, y) and € > 0.

@ We use p to construct a sequence a;b;c; in M inductively;
assume we have constructed these for all i < j.

@ By assumption, we know that we can find b; and ¢; so that

max | (ai, by) — (@i, )| < & and [pPC) — peeo)] >
i<j
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Unstable implies order: proof, cont'd

@ Now by the approximate finite satisfiability of p, we can find
aj€ M so that forall i < j

(@, bi) = PP < 2 and [p(ay, 6) — PP < o

w

@ So we have thatif i < j
|(,0(ai, bj) - (p(aia Cj)| <
and for i = J,

lp(ai, by) — v(ai, ¢)| =

Wl

o If we let 0(x1y121, Xoy220) := |p(X1, Y2) — (X1, Z2)| then 0
orders the sequence {a;b;c; : i € N).
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@ We now focus on showing that a stable theory has a
stationary independence relation. We fix a saturated model
M and work entirely inside M.

o If pe S(A) and A" = o(A) for some automorphism of M &,
we write py for o(p).

Definition

We say that a satisfiable partial type p(x) € S(B) divides over A
if there is an A-indiscernible sequence (B; : i € N) such that
By = Band | J{ps, : i € N} is not satisfiable.
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Examples of dividing/non-dividing

@ In discrete model theory, we can consider an algebraically

closed field and a type p(x) over A. p does not divide over
the empty set iff p says x is algebraic over A only when x
was already algebraic over the empty set.

More generally if above, p(X) is a type in more than one
variable over A then p does not divide over the empty set
iff p implies that the transcendence degree of x over A is
the same as the transcendence degree of x over the empty
set.

In the theory of infinite dimensional Hilbert spaces, a type
p(x) over a parameter set A does not divide over the
empty set iff any realization of p is orthogonal to A.

In the theory of Urysohn space, p(x) over a single point a
does or does not divide over the empty set depending on
d(x,a).
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Dividing as independence

@ For any theory, we will define A | ¢ B to mean {(A/BC)
does not divide over C. What properties does this relation
have?

@ Invariance is immediate from the definition.
@ Finite character follows from compactness.

@ The direction of transitivity that says that if C < D and
AlgDthen A |g Cand A |g¢c D is also immediate.

@ Local character, symmetry and stationarity will have to wait
until we assume stability. Let’s look at transitivity and
extension. First we prove a lemma.
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A lemma

The following are equivalent:
Q@ alab
© For every A-indiscernible sequence | such that b € | there
is @ =ap a such that | is Ad -indiscernible.

© For every A-indiscernible sequence | such that b € | there
is J =pp | such that J is Aa-indiscernible.

@ Conditions 2 and 3 are readily equivalent and 2 implies 1 is
straightforward.

@ We will show that 1 implies 3. For convenience, assume
that A is empty and p(x) is the type of a over b.

@ Fix any indiscernible sequence / with b €  and we wish to
find the requisite J. We do this by compactness.
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A lemma, contd

@ Write down formulas X that express the fact that J has the
same type as / over b; J is indiscernible over a and that the
type of a over c for any individual c € J is pc.

@ Now stretch /to an indiscernible sequence /' of size
2,,(2x(T); this can be done by compactness.

@ What we know from the fact that p does not divide over the
empty set is that {p; : c € I'} is satisfiable.

@ By the Erdos-Rado theorem, we can show that ¥ is
consistent because for any n, there are at most 2x(T) many
n-types over a witnessed among the n-tuples from /'.
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Left transitivity

Proposition
Left transitivity fB< C< D, D |c Aand C |g Athen D |g A.

@ Proof: we use the lemma we just proved. Fix a
B-indiscernible sequence / such that Ae J.

@ Since C |5 A, we can find J with the same type as / over
BA and which is C-indiscernible.

@ But then since D | A, we can find K with the same type
as J over CA which is D-indiscernible.

@ So K has the same type as / over BA and is
D-indiscernible so D | g A by the lemma.

@ Conclusion: If we have symmetry of dividing then
transitivity is for free.

OJ
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Discrete stability

We say that T is discretely A-stable if for any M such that
X(M) < X, |S(M)| < .

The following are equivalent:

Q@ T is stable.

@ T is \-stable for all X such that \x(T) = \.

© T is discretely \-stable for all A such that \X(T) = X,

@ 3 implies 2 implies 1 are straightforward.

@ For 1 implies 3, remember that if T is stable then every
type over a model is finitely determined.

@ So, for every formula ¢, |S,(M)| < |M|o.

° [S(M)| < [M[MoxM) = | M.
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Local character

If T is stable then dividing has local character.

@ In fact, local character of dividing is equivalent to a notion
called simplicity (more general than stability).

@ We will show that if dividing fails to have local character
with k = x(T) then the theory is unstable.

@ Fix atype p € S(B) which divides over every subset
By < B with |By| < &.
@ Start with By = ¢ and define a continuous increasing
chain of subsets B, for a < x(T)™ such that
Q |B.]<rxand
Q pls, ., divides over B, for every a.
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Local character, cont’d

@ Choose A such that A"" > M\ = X\ > 26"
@ Now define a tree of sets (B, : n € A<+ such that
© Forallne ", By, ra<kTy=(B,:a<rt)yand
Q forevery ne A<"", (B, ,;: i < \)is indiscernible of order
type A over B,, which witnesses an automorphic copy of the
fact that plp,_ ., divides over B, where o = len(n).
e Let p, for ne \*" be the automorphic image of p with
domain | J, ..+ Byr,-
@ Let P, be a maximal mutually satisfiable collection of p,
which contains p,,.
o |P,| <N
@ It follows then that the P,’s represent, altogether, M many
types over \* many parameters and this contradicts
discrete A-stability.
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