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1. Suppose that A and B are two groups. In class we discussed the ab-
stract notion of the product of two groups. That is, D together with
two group homomorphisms ρA:D → A and ρB:D → B is a product of
A and B if whenever C is a group and f and g are group homomor-
phisms are as pictured:
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then there is a unique group homomorphism h:C → D such that ρA ◦
h = f and ρB ◦ h = g. Show that if D′, ρ′A and ρ′B is also a product
of A and B then there is a unique isomorphism i:D → D′ such that
ρA = ρ′A ◦ i and ρB = ρ′B ◦ i.
Solution: D, ρA and ρB is a product of A and B so in the defini-
tion, choose C to be D′ together with the maps ρ′A and ρ′B. From the
definition, we are given a map h:D′ → D such that

ρA ◦ h = ρ′A and ρB ◦ h = ρ′B.

LIkewise, if we apply the definition of product to D′ and substitute D
for C in the definition, we obtain a map h′:D → D′ such that

ρ′A ◦ h′ = ρA and ρ′B ◦ h = ρB.

Now consider h ◦ h′. We have

ρA ◦ (h ◦ h′) = (ρA ◦ h) ◦ h′ = ρ′A ◦ h′ = ρA

and
ρB ◦ (h ◦ h′) = (ρB ◦ h) ◦ h′ = ρ′B ◦ h′ = ρB.

But if D itself is substituted into the definition of product for C, the
unique map must be the identity on D. But we just showed that h ◦ h′
also works and so we conclude that h ◦h′ = idD. Similarly, we get that
ρ′A ◦ (h′ ◦h) = ρ′A and ρ′B ◦ (h′ ◦h) = ρ′B and conclude that h′ ◦h = idD′ .
So h is an isomorphism and is the unique isomorphism we were looking
for by the definition of product.



2. Show that if we have groups Gi for i ≤ n and normal subgroups Ni of
Gi for i ≤ n then

G1/N1 ×G2/N2 × . . . Gn/Nn
∼= (G1 × . . .×Gn)/(N1 × . . .×Nn).

Solution: We use the first isomorphism theorem. Suppose that (g1, . . . , gn) ∈
G1 × . . . × Gn and consider the homomorphism ϕ:G1 × . . . × Gn →
G1/N1 ×G2/N2 × . . . Gn/Nn given by

ϕ(g1, . . . , gn) = (g1N1, . . . , gnNn).

ϕ is clearly onto G1/N1 × G2/N2 × . . . Gn/Nn and the kernel of ϕ is
N1 × . . .×Nn so we conclude that

(G1 × . . .×Gn)/(N1 × . . .×Nn) ∼= G1/N1 ×G2/N2 × . . . Gn/Nn.

3. Prove that there is only one free abelian group up to isomorphism on n
generators. That is, if F is a free abelian group on generators x1, . . . , xn
and G is a free abelian group on generators y1, . . . , yn then there is a
unique isomorphism f :F → G such that f(xi) = yi for i ≤ n.

Solution: Consider the map which sends xi to yi for all i ≤ n. By the
definition of being free abelian, there is a homomorphism f from F to
G such that f(xi) = yi for all i ≤ n. Similarly, since G is free abelian
on the generators yi for i ≤ n, there is a homomorphism g from G to F
such that g(yi) = xi for all i ≤ n. If one considers g◦f , we see that this
map goes from F to F and fixes all the generators xi. So g ◦ f = idF .
Similarly, f ◦g = idG. This shows that f is an isomorphism as required.

4. Show that if A and B are abelian groups, ϕi:A→ B are group homo-
morphisms for i ≤ n and m1, . . . ,mn ∈ Z then

m1ϕ1 + . . .+mnϕn

is a group homomorphism from A to B.

Solution: As someone said in class, this is plug and chug. Suppose
that x, y ∈ A then

(m1ϕ1 + . . .+mnϕn)(x− y) = m1ϕ1(x− y) + . . .+mnϕn(x− y)

and this all equals

m1ϕ1(x) + . . .+mnϕn(x)−m1ϕ1(y)− . . .−mnϕn(y)

which is what we want to show.


