Suppose that V is a vector space and W is a non-empty subset
of V. We say that W is a subspace of V if with respect to the +
and scalar multiplication restricted to W from V, W is a vector
space in its own right.

Theorem

If V is a vector space and W is a non-empty subset of V then
W is a subspace iff W is closed under + and scalar
multiplication.
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If V is a vector space and X is a subset of V then there is a
subspace W containing X with the property that if any other
subspace W' contains X then W C W'.

Definition

@ We call the W in the previous theorem the subspace
spanned by X and write span(X).

Q Ifxq,....xpe€ Xand kq, ..., k, € R then we call
kixy + ...+ knxn a linear combination of elements of X.

If X is a subset of a vector space V then the set of all linear
combinations of elements of X is the subspace spanned by X.
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Definition

If V is a vector space, v € V and X C V then we say that v
depends on X if v is in the span(X).

If X is a subset of a vector space V and v € V then v depends
on X iff v can be expressed as a linear combination of vectors
from X.
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Linear independence
A subset S of a vector space V is linearly independent if
whenever v4, ..., Vv, € S are distinct and
then it must be that

ki =...=ky=0

S is said to be linearly dependent if it is not linearly
independent.

If V is a vector space and S C V then S is linearly dependent iff
forsomev € S, v depends on S\ {v} i.e. v can be written as a
linear combination of vectors from S\ {v}.
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