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Abstract

That the lamplighter group is not finitely presented is well-known, but there are few sources that
work through the details. We provide a complete proof in order to clearly illustrate this fact.

1 Introduction

Definition 1.1. A group (G, ∗) is a type of algebraic object. G is a set and ∗ is a rule for multiplying
elements of G. We require ∗ to be associative, that G has an identity element, and that every element in G
has a inverse.

In particular, a common way to study groups is via their actions on geometric objects. The lamplighter
group L2 is an example of this. The group L2 can be represented geometrically as follows: on the real
number line, place a “lamp” at each integer. The “lamplighter” is represented by an arrow, which travels
between the lamps, lighting or dowsing them as needed.

0

Figure 1: A visual representation of an element of L2

We see that the group L2 can be generated by two elements:

1. a, which has the action of lighting the lamp at which the lamplighter is standing.

2. t, which moves the lamplighter one lamp to the right.

Our geometric interpretation makes it clear that these two elements are enough to generate any possible
state of our picture. An element in L2 is therefore a “word” of these elements t and a, describing the path
the lamplighter takes to get to a given position. The element pictured in Figure 1 can be represented in
terms of these generators by tatat−5at. It is an easy check that this presentation for L2 satisfies the group
axioms, where the identity is the state with the lamplighter at 0 and all lamps turned off, and the inverse of
any element is simply the inverse word (what does this mean geometrically?).

L2 is an example of a group that has an intuitive geometric interpretation, but complicated algebraic
structure. Clearly L2 is some combination of Z and Z2 since the element a generates a cyclic subgroup of
order 2, and t generates a infinite cyclic subgroup. However, we will need a few definitions before we can
properly identify L2 as a product of groups.
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Definition 1.2. Given a group G, we can define its automorphism group Aut(G), which consists of all
bijective group homomorphisms φ : G→ G. One can check that this is a group under function composition.

Definition 1.3. Given two groups (G, ∗) and (H, ·) and a homomorphism φ : H → Aut(G), we can take
their semi-direct product (G⋊φ H, ◦). The set is the Cartesian product G×H, and ◦ is defined by

[g1, h1] ◦ [g2, h2] = [g1 ∗ φh1
(g2), h1 · h2],

where φh1
:= φ(h1) is the automorphism associated to h1 under φ.

Remark 1.4. It is common to use square brackets instead of parentheses in order to emphasize that this is
not a direct product. This construction is also dependent on the choice of automorphism φ (in particular,
if φ is trivial, then we recover the direct product G×H).

Theorem 1.5. G is the (internal) semi-direct product of subgroupsH andK if there is a split exact sequence

{e} → H
f→ G

g→ K → {e}.

In other words, where f : H → G is defined by h 7→ h for all h ∈ H, there exists a homomorphism g : G→ K
such that g|K = idK and ker(g) = H.

Example 1.6. An example of the semi-direct product is the dihedral group Dn, which is isomorphic to
Zn ⋊φ Z2. In this case, φ is defined by φ(0) = idZn

and φ(1) taking an element of Zn to its inverse. It’s a
nice exercise to work through the details using Theorem 1.5.

The lamplighter group is a type of semi-direct product, but it still has an extra component to it. In
particular, L2 is what is known as a wreath product.

Definition 1.7. Given two groups G and H, their wreath product is defined as

G ≀H =

(⊕
h∈H

Gh

)
⋊φ H,

where each Gh is isomorphic to G, and the semi-direct product is defined using the automorphism φ : H →
Aut

(⊕
h∈H Gh

)
which allows H to act on A :=

⊕
h∈H G via group multiplication on the index set.

In other words, φh acts on a sequence a ∈ A by sending every element in position h′ to the position h ·h′.

Example 1.8. An example of a wreath product is Z2 ≀ Z3 = (Z2 × Z2 × Z2)⋊ Z3 since |Z3| = 3. A sample
computation in this group looks like

[(1, 0, 1), 2] ◦ [(0, 0, 1), 1] = [(1, 0, 1) + φ2((0, 0, 1)), 0],

where we know that φ2 sends the element in the first position to the third, the element in the second
position to the first, and the element in the last position to the first. This has the effect of cyclically
permuting the entries forward twice (φ1 would correspond to one cyclic permutation). We therefore find
that φ2((0, 0, 1)) = (0, 1, 0), giving that our product is

[(1, 1, 1), 0].

Remark 1.9. The notation used above is for a direct sum. Conceptually, these are the same as direct
products, but on an infinite index set, a direct sum requires that only finitely many entries be non-identity.
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It turns out that L2 = Z2 ≀ Z! In accordance with [2, §8], an element of this group can be interpreted as
a pair [S, n], where S is a finite subset of Z denoting which lamps are lit and n ∈ Z denotes the location of
the lamplighter.

Let A =
⊕

i∈Z Z2 and define the homomorphism φ : Z → Aut(A) by letting φ(1) add 1 to each entry in
an element of A. This forces the action of φ(n) since Z = ⟨1⟩. For notational convenience, let φn := φ(n).

Multiplication in L2 under this lens looks like

[S, n] · [T,m] = [S∆(T + n), n+m],

where ∆ denotes the symmetric difference S∆T = (S ∪ T ) \ (S ∩ T ) and T + n = {t+ n | t ∈ T}.

Example 1.10. Note that our original generators can be written as a = [{0}, 0] and t = [∅, 1]. We saw
visually in Figure 1 that the word tatat−5at in L2 corresponds to the element [{−3, 1, 2},−2] in Z2 ≀ Z. We
will now show this algebraically. Firstly, we compute

ta = [∅, 1] · [{0}, 0] = [∅∆({0}+ 1), 1] = [{1}, 1].

At this point, the lamplighter is at 1 with its lamp turned on. We can continue as

tata = [{1}, 1] · [{1}, 1] = [1∆({1}+ 1), 2] = [{1, 2}, 2],

tatat−5 = [{1, 2}, 2] · [∅,−5] = [{1, 2},−3],

tatat−5a = [{1, 2},−3] · [{0}, 0] = [{1, 2}∆({0} − 3),−3] = [{−3, 1, 2},−3],

tatat−5at = [{−3, 1, 2},−3] · [∅, 1] = [{−3, 1, 2},−2].

This example should give the reader a basic idea of the algebraic and geometric interpretations of L2, as
well as how to perform computations in this group. In the next section, we will develop more background
that will be necessary in showing the non-finite presentability of L2.

2 Background

2.1 Free Groups

We will not develop rigorous background on free groups (why they exist, that they are unique up to rank,
etc.), as this is extra-curricular to our goal. More detailed references include [1, §2], [2, §3] and [3, §1]. The
different perspectives given in each are worth consulting in order to better understand this material.

Definition 2.1. [3, §1.1 Definition 1] A group F is free on a subset X ⊆ F if, given any group G and
any map θ : X → G, there is a unique homomorphism θ′ : F → G extending θ. In other words, we have
θ′(x) = θ(x) for all x ∈ X, or the following diagram commutes.

θ
∃! θ′

inclusion

G

X F

Then X is a basis of F and |X| is the rank of F .
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The above is known as the universal property of free groups, which we will make use of later on. In more
concrete language, a free group F can be thought of as the group of reduced words of elements in X. In
other words, if X = {x1, . . . , xn}, then F consists of all strings involving x1, . . . , xn, x

−1
1 , . . . , x−1

n such that
xi and x

−1
i are never adjacent for all 1 ≤ i ≤ n. In this case, the rank of F would be |X| = n.

We have included two basic results in the theory of free groups, but have omitted their proofs for sake of
brevity.

Theorem 2.2. [2, Theorem 3.2] For every n ∈ N, there exists a free group of rank n.

Theorem 2.3. [1, 2.1.4] If F1 and F2 are both free groups of rank n, then F1
∼= F2.

Theorem 2.4. [1, 2.1.5] Let G be a group generated by a subset X and let F be a free group on a set Y . If
α : Y → X is a surjection, then it extends to a surjective homomorphism from F to G. In particular every
group is the image of a free group.

2.2 Group Presentations

We will spend some time developing basic tools in the theory of group presentations. This will be useful
when we begin working with L2, as we will need to establish an infinite presentation for the group, as well
as show that no finite subset of the relations in this presentation can generate L2.

The last result in the previous section (Theorem 2.4) guarantees that any group G can be realized as the
image of a free group under some homomorphism. In fact, this is exactly what a group presentation is!

Definition 2.5. [1, §2.2] Given some set X which generates a group G, let F denote the free group with
basis X. A free presentation for G is a surjective homomorphism π : F → G.

We let R = ker(π), giving that R ◁ F and therefore F/R ∼= G by the first isomorphism theorem. We
call elements of R the relators1 of this presentation. Let S be a normal2 generating set for R (given a
set of relations S, we can view R as the smallest normal subgroup of F containing S). Then we can write
G = ⟨X | S⟩, which is the standard way of writing a group presentation.

Definition 2.6. A group G is finitely generated if there exists a presentation π : F → G where F has
finite basis X. In this case, π(X) gives a finite set of generators for G, say {g1, . . . , gn}.

Definition 2.7. We call a presentation π : F → G of a group G finite if F has finite basis (G is finitely
generated) and ker(π) is finitely generated. In other words, it is possible to write G = ⟨X|S⟩, where both X
and S are finite sets. A group which admits such a presentation is finitely presented.

The first result we cover is elementary to the study of group presentations and is commonly known as
von Dyck’s Theorem.

Lemma 2.8. [1, 2.2.1] Let F be a free group and let G and H be groups with presentations ε : F → G and
δ : F → H such that each relator of ε is also a relator of δ. Then ε(f) 7→ δ(f) is a well-defined surjective
homomorphism from G to H.

Proof. Since each relator of ε is also a relator of δ, it follows that ker(ε) ≤ ker(δ). Moreover, for any g ∈ G,
there must exist f ∈ F such that g = ε(f).

1There is a distinction between the words “relator” and “relation”. A relator is an element of R, whereas a relation is an
equation r = e, where r is an element of R and e is the identity element. You will frequently see either in group presentations,
but relators are more notationally convenient.

2In general, the subgroup generated by S will not be normal in F . To satisfy this requires more elements than just all
reduced words of elements in S and their inverses.

4



To see that the map ε(f) 7→ δ(f) is well-defined, suppose that g = ε(f ′) for some f ′ ∈ F . We then know
that f = f ′k for some k ∈ ker(ε). Indeed, this gives us that

g = ε(f) = ε(f ′k) = ε(f ′)ε(k) = ε(f ′).

However, since k ∈ ker(ε), we also have k ∈ ker(δ), which forces δ(f ′) = δ(f ′k) = δ(f ′) as desired.
Now we will show that this map is a homomorphism. So let g1, g2 ∈ G and h1, h2 ∈ H be arbitrary such

that g1 = ε(f1), g2 = ε(f2), h1 = δ(f1) and h2 = δ(f2). We then see that

g1g2 = ε(f1f2) 7→ δ(f1f2) = h1h2,

giving that this map is a homomorphism. Lastly, this map is surjective since for any h ∈ H, there exists
f ∈ F such that δ(f) = h. This element clearly has pre-image ε(f), and we are done. □

A consequence of the above lemma is the following theorem of B. H. Neumann, which will be instrumental
in establishing the non-finitely presentability of L2.

Theorem 2.9. [1, 2.2.3] If X is any set of generators for a finitely presented group G, then this group has
a presentation of the form ⟨X0 | r1 = r2 = · · · = rt⟩, where X0 ⊆ X is finite.

Proof. Since G is finitely presented, let G = ⟨y1, . . . , ym | s1 = s2 = · · · = sl = 1⟩ be a finite presentation.
Additionally, since we know that X generates G and G is given above with a finite generating set, there
exists some finite subset X0 ⊆ X which generates G. Let X0 = {x1, . . . , xn}.

Now, since these are two presentations for the same group, we have expressions for the yi in terms of
the xj and vice versa. Call these yi = wi(x) and xj = vj(y), where x and y respectively denote the tuples
(x1, . . . , xn) and (y1, . . . , ym). We can now write

sk(w1(x), . . . , wm(x)) = 1 and xj = vj(w1(x), . . . , wm(x)), k = 1, . . . , l, j = 1, . . . , n. (∗)

Essentially, we have written the relations of the y presentation in terms of the xj and used our expressions
for the yi in terms of the xj in order to generate relations that the xj must satisfy. Note that our new set
of relations is finite, so it remains to show that this new presentation indeed generates the group G.

Therefore, let Ḡ be the group generated by x̄1, . . . , x̄n in the above relations. By Lemma 2.8, we can
associate each x̄i to some xi via a surjective homomorphism φ : Ḡ→ G (whether the indices agree is a matter
of reordering, so assume without loss of generality that this has been done). Now define ȳi := w1 = i(x̄)
(recall x̄ is the tuple (x̄1, . . . , x̄n)) and note that Ḡ = ⟨ȳ1, . . . , ȳm⟩. This is because each x̄i is a word in
ȳi. We know again by Lemma 2.8 that we can associate each yi to some ȳi via a surjective homomorphism
ψ : G→ Ḡ.

It turns out that φ and ψ are actually inverses of each other, which we see as:

φψ(yi) = φ(ȳi) = φ(wi(x̄)) = wi(x) = yi,

ψφ(ȳi) = ψφ(wi(x̄)) = ψ(wi(x)) = ψ(yi) = ȳi,

which follow from the definitions of both φ and ψ, and that they are homomorphisms. Hence, ψ = φ−1 and
we conclude these are isomorphisms. It then follows that indeed G ∼= Ḡ, asserting that G is generated by
X0 subject to a finite set of a relations. □

The takeaway from Theorem 2.9 is that a finitely presented group is never properly infinitely presented—
we can always reduce any infinite presentation to a finite one. We summarize this in the following corollary.
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Corollary 2.10. If G is a finitely presented group with infinite presentation G = ⟨x1, . . . , xn | R⟩, there
exists a finite subset R0 ⊂ R such that G = ⟨x1, . . . , xn | R0⟩.

We require one more lemma which will allow us to define homomorphisms between groups using their
generating sets (this will clarify a small technical issue we will encounter later on). This proof was given by
Lee Mosher in [4]. This result (and a similar proof) also appears as Proposition 3 in Section 4.2 of [3].

Lemma 2.11. [4] Let G = ⟨xi | rj⟩, where i ∈ I and j ∈ J are arbitrary indices, and let H be any group.
If φ : G → H is a map defined by xi 7→ φ(xi) ∈ H, then φ extends to a homomorphism Φ : G → H if and
only if φ(rj) = e for all j ∈ J .

Proof. Let F be a free group with basis {xi}. By definition, we know that G ∼= F/N , where N is the smallest
normal subgroup of F containing the ri. Let η : F → G be the map representing this presentation for G.

Note that by the universal property of free groups, we can extend φ to a homomorphism Φ̃ : F → H.
We then have a chain of equivalences: {ri} ⊆ ker(Φ̃) if and only if N < ker(Φ̃) if and only if there exists
a homomorphism Φ : G → H such that Φ ◦ η = Φ̃. This last equivalence is a consequence of the first
isomorphism theorem, which guarantees the existence of such a homomorphism; that Φ is well-defined
follows from N < ker(Φ̃). Lastly, such a homomorphism exists if and only if there exists a homomorphism
Φ : G→ H extending φ. □

3 L2 is Not Finitely Presented

We will now show that L2 is not finitely presented using the outline presented by the user “biringer” on the
mathoverflow thread [6].

3.1 A Presentation for L2

Previously, we saw that L2 was generated by two elements a and t. We could easily play around with L2

to find relations that these must satisfy, but how can we be sure that the presentation we end up with
generates L2 and not some other, similar group? We will remedy this by deriving a nice presentation for L2

from scratch, following the treatment in [7, §1].
We start with a theorem that appears in [3, §10.2], which allows us to easily construct a sensible presen-

tation for L2 using the fact that L2
∼= Z2 ≀ Z.

Theorem 3.1. [7, Theorem 1.6][3, §10.2] Let G = ⟨X | R⟩ and H = ⟨Y | S⟩ be two groups given by
presentation, and let φ : H → Aut(G) be a homomorphism and write φy := φ(y). Then a presentation for
G⋊φ H is given by

G⋊φ H = ⟨X,Y | R,S, yxy−1 = φy(x), x ∈ X, y ∈ Y ⟩.

A detailed proof is given in [3, §10.2], but requires some technical algebra that we won’t worry about.
We will demonstrate how to obtain this construction with L2, which should suffice as justification for this
example. Essentially, the presentation for G ⋊φ H involves relations for G and H (representing these as
subgroups of the semi-direct product), as well as additional relations which represent the “twisting” of G
with H via φ. Recall that since G is normal in G ⋊H, yxy−1 for x ∈ G and y ∈ H lies in G, and so the
relations yxy−1 = φy(x) are well-defined.

Remark 3.2. In the direct product G ×H, φ is trivial, so these relations read yxy−1 = x, reflecting how
the two components are adjoined independently of each other.
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Now, let’s apply Theorem 3.1 to L2
∼= Z2 ≀ Z. A general version of the following construction appears in

[3, §10.2]. Let A =
⊕

i∈Z Z2, then L2
∼= A ⋊φ Z by definition. Therefore, we will need presentations for A

and Z in order to construct one for L2.
Z is the free group of rank one, so we will use the presentation ⟨t⟩, which is consistent with our previous

notation. A presentation for Z2 is ⟨a | a2 = e⟩, which allows us to arrive at the following presentation for A:

⟨an, n ∈ Z | a2n, [an, am] = e ∀m,n ∈ Z⟩.

Remark 3.3. We previously used [·, ·] to denote elements of a semi-direct product, but here we are using
this notation to represent the commutator of two elements. Our convention is that [x, y] = x−1y−1xy. For
those unfamiliar, [an, am] = e is a way of encoding the fact that an and am commute (since the order in
which we light lamps doesn’t matter, the final picture will be the same).

Recall that we viewed elements of A as finite subsets S of Z. Under this, our homomorphism φ : Z →
Aut(A) was defined by letting φ1 add 1 to each element of S (which has the effect of shifting the nonzero
entries of the tuple a ∈ A to the right by 1). Therefore, we can represent φ on our new generators by
φ1(an) = an+1 and in general φk(an) = an+k.

Since L2
∼= A⋊φ Z, we have a split exact sequence

{e} −→ A
f−→ L2

g−→ Z −→ {e},

where we recall that im(f) = ker(g) = A and g|Z = idZ. Define ãn := f(an), so that ⟨ãn, n ∈ Z | ã2n =
e, [ãn, ãm] = e⟩ is a copy of A living in L2. Similarly, choose t̃ ∈ L2 to satisfy g(t̃) = t, where t is our
generator for Z. Since Z is free, we have no relations to translate and can move on.

By the exactness of the sequence, im(f) = ker(g) and so im(f)◁L2, meaning that t̃ãnt̃
−1 is in im(f) and

therefore is expressible using φ. In our specific case, we know that t̃ãnt̃
−1 = ãn+1 by construction (think

about this geometrically!), so we can drop the tildes to obtain

L2 = ⟨t, an | a2n = e, tant
−1a−1

n+1 = e, [an, am] = e⟩. (1)

However, this is an infinite generating set! We want to find a finite generating set and show that no finite
set of relations is enough to generate L2. We can simplify (1) as follows:

Notice that a1 = ta0t
−1, giving that a2 = t2a0t

−2. This implies that an = tna0t
−n for n ∈ Z, meaning

that we can rewrite our relations in terms of only t and a := a0.

L2 = ⟨t, a | a2 = e, ttnat−nttn+1at−(n+1) = e, [tnat−n, tmat−m] = e, n,m ∈ Z⟩
= ⟨t, a | a2 = e, [tnat−n, tmat−m] = e, n,m ∈ Z⟩

since every relation in the second set simplifies to e = e. Lastly, we only need some of the [tnat−n, tmat−m] = e
relations. Notice that if we assume [tnat−n, a] = e, then

[tnat−n, tmat−m] = (tnat−n)(tmat−m)(tnat−n)(tma−m)

= tna(tm−natn−m)atm−nat−m

= tntm−natn−ma2tm−nat−m

= tn+m−n−m

= e

Hence, we arrive at the desired presentation for L2:

L2 = ⟨t, a | a2 = e, [tnat−n, a] = e, n ∈ Z⟩.
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3.2 Proof That L2 is Not Finitely Presented

This proof will consolidate all of the ideas that we have developed so far.

Theorem 3.4. The lamplighter group L2 has no finite presentation.

Proof. Assume for the sake of contradiction that L2 can be finitely presented. As such, we know by Theorem
2.9 that the presentation L2 = ⟨t, a | a2, [tnat−n, a] = e, n ∈ Z⟩ can be reduced to a presentation with only
finitely many relations. Clearly, a2 = e is indispensable, so we must include this, and we may only include
finitely many of the [tnat−n, a] = e relations. Once we have done this, we can choose some natural number
N such that if [tiat−i, a] = e is included, then |i| < N . Without loss of generality, we may assume that our
presentation includes all of these relations for |i| < N (if the original set generated L2, then adding relations
will not change this). Call the group generated by the relations G. We claim that our presentation for G
gives a finite presentation for L2, or that G ∼= L2.

Assuming these two presentations are isomorphic, that would imply that every relation [tNat−N , a] = e
is derivable from the finite set of relations [tiat−i, a] = e, |i| < N . Otherwise, G ̸∼= L2. For concreteness,
note that G = ⟨t, a | a2 = e, [tiat−i, a] = e, |i| < N⟩.

To illustrate that the relation [tNat−N , a] = e does not hold in G, we will view G as a subgroup of
S2N+1. Define a map ψ : G → S2N+1 by a 7→ (1 2) and t 7→ (1 2 · · · (2N + 1))2. We can verify that ψ
is a homomorphism using Lemma 2.11: we just need to verify that the analogues of the relations in G are
satisfied in the image of ψ. Clearly (1 2)2 = (1), but the other relations will take some work.

Note that for |i| < N , the permutation (1 2 · · · (2N+1))2i has the effect of cyclically shifting each element
by 2i. The shift is forward if i is positive, and backwards if i is negative. The max shift possible is 2N − 2
forwards or backwards, meaning that this permutation can never map 1 to itself (or 2), since that would
require a shift of 2N + 1 (or 2N + 2) forward, or a shift of 2N + 1 (or 2N) backward. The same is true for
2: it can never be mapped to 1 or itself under this permutation since that would require a shift larger than
2N − 2 in all possible cases.

Also note that [(1 2 · · · (2N + 1))2i(1 2)(1 2 · · · (2N + 1))−2i]2 = (1), so we know that this element must
be a transposition. But we showed that the set {1, 2} is disjoint from its image under (1 2 · · · (2N + 1))−2i,
and hence 1 and 2 must be fixed by (1 2 · · · (2N + 1))2i(1 2)(1 2 · · · (2N + 1))−2i. This is because the
images of 1 and 2 under (1 2 · · · (2N + 1))−2i are unaffected by (1 2), and so immediately get sent back to
1 and 2 when put through (1 2 · · · (2N + 1))2i. As a consequence of this, the transposition (1 2 · · · (2N +
1))2i(1 2)(1 2 · · · (2N + 1))−2i must be disjoint from (1 2), giving that

[(1 2 · · · (2N + 1))2i(1 2)(1 2 · · · (2N + 1))−2i, (1 2)] = (1), ∀|i| < N,

from the basic fact that disjoint cycles commute. This gives by Lemma 2.11 that ψ is a well-defined
homomorphism. Further, we know by the first isomorphism theorem that G ∼= im(ψ) since ψ is necessarily
injective.

However, when i = N , we see that the permutation (1 2 · · · (2N + 1))2N (1 2)(1 2 · · · (2N + 1))−2N has
1 7→ 2 7→ 1 7→ 2N + 1 and 2 7→ 3 7→ 3 7→ 2, meaning that

(1 2 · · · (2N + 1))2N (1 2)(1 2 · · · (2N + 1))−2N (1 2) has 1 7→ 2, 2 7→ 2N + 1, but

(1 2)(1 2 · · · (2N + 1))2N (1 2)(1 2 · · · (2N + 1))−2N has 1 7→ 2N + 1, 2 7→ 1.

Since reversing the order of the multiplication has given a different permutation, we know that these
elements do not commute. Therefore, the relation

[(1 2 · · · (2N + 1))2N (1 2)(1 2 · · · (2N + 1))−2N , (1 2)] = e

does not hold in im(ψ), and hence [tNat−N , a] = e does not hold in G. Thus, G ̸∼= L2.
Having reached this contradiction, we conclude that L2 cannot be finitely presented. □
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